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Abstract

This paper decomposes welfare measures of policy reforms into parts attributable to
redistribution and parts due to efficiency. We further decompose efficiency into subcom-
ponents such as gains from better insurance against idiosyncratic and aggregate risk.
Our decomposition of welfare measures associated with alternative feasible allocations
is cast in terms of a coordinate system that uses generalized Pareto—Negishi weights
to capture inequality and production and consumption wedges to capture distortions.
Our decomposition has several desirable properties. It attributes welfare changes from
movements along a Pareto frontier to redistribution; it attributes negative efficiency
changes to movements away from the Pareto frontier; and it produces subcomponent
shares of welfare changes that are numeraire-invariant and symmetric with respect to
the direction of the reform. Our decomposition can be explained in terms of an implicit
tax-and-transfer system in which redistribution captures real income changes, efficiency

captures deadweight losses and output costs.
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1 Introduction

Government policies affect social welfare through various channels. They redistribute re-
sources among agents, distort the production and allocation of goods, and provide insur-
ance against stochastic shocks. A quantitative analyst often wants to decompose welfare
effects of policy reforms into parts attributable to these channels.! This paper proposes a
decomposition that can be applied to a broad class of economies and that satisfies desirable
normative properties.

We consider a setting with heterogeneous agents who have preferences over multiple
final consumption goods. Our specification is general enough to include dynamic stochas-
tic models with aggregate and idiosyncratic shocks as well as flexible production networks.
Allocations may be distorted due to incomplete markets, monopoly power, borrowing con-
straints, or various government policies such as taxes.

A welfare measure aggregates the preferences of heterogeneous consumers, so welfare
changes can come partly from redistribution across agents and partly from changes in effi-
ciency. Our first task is to decompose welfare changes into these two components. To distin-
guish redistribution from efficiency, we want a notion of efficiency that does not incorporate
attitudes about redistribution. Pareto efficiency serves our purpose: at a Pareto-efficient
allocation, it is impossible to make an agent better off without making another agent worse
off. Our attachment to Pareto efficiency motivates us to impose two minimal consistency
requirements on our decomposition. First, a welfare difference between two Pareto-efficient
allocations must be attributed entirely to redistribution. Second, policies that move an al-
location off the Pareto frontier (or back onto it) must be evaluated as lowering efficiency (or
improving it).

To create a welfare decomposition with these properties, we represent allocations with a
coordinate system that measures both implicit inequality and distortions. Our approach is
illustrated well by first considering points on the Pareto frontier. Here we can take advantage
of classic insights of Negishi (1960), who mapped a point on the Pareto frontier to a vector
of implicit welfare weights, often referred to as Pareto—Negishi (PN) weights. PN weights
provide a natural coordinate system for when we want to interpret movements along the
Pareto frontier as redistribution.

To extend the coordinate system to all feasible allocations, we generalize the notion

!See, for example, Abbott et al. (2019), Cho et al. (2015), Conesa et al. (2009), Dyrda and Pedroni
(2021), Guvenen et al. (2019), Heathcote et al. (2017), Koehne and Kuhn (2015), Nakajima and Takahashi
(2020), Seshadri and Yuki (2004).



of PN weights to measure implicit inequality associated with ineflicient allocations. So in
addition to PN weights, we use a vector of “wedges” that capture departures from efficiency.
These wedges measure shortfalls in production and deviations from an optimal allocation
of resources across goods for each individual. Any change in allocations alters both the
generalized PN weights and the wedges; by inverting the relationship between allocations
and coordinates, we can assess how much of the welfare difference is accounted for by changes
in generalized PN weights, to be attributed to redistribution, and how much is accounted
for by changes in wedges, to be attributed to a change in efficiency.

Our approach naturally extends to finer divisions of efficiency. Since our vector of wedges
consists of two components—one measuring distortions in the production of aggregate re-
sources and the other measuring distortions in the allocation of individual resources across
specific goods—we can immediately separate the efficiency component into changes in pro-
duction efficiency and changes in allocative efficiency. By focusing on wedges that measure
distortions in how physical goods are allocated across different stochastic states of nature,
we can also isolate an insurance component of government policies, then refine it into parts
attributable to insurance against aggregate risks and parts attributable to insurance against
idiosyncratic shocks.

By construction our decomposition satisfies the Pareto-consistency requirements that we
want. It is numeraire-invariant and symmetric with respect to the direction of the reform.
It also has an income-based redistribution property: a redistribution is associated with a
change in the distribution of real disposable income across agents. A final feature of our
decomposition is that the efficiency component depends on social welfare weights. While
there exist measures of efficiency that are agnostic to social welfare weights and measures
of redistribution that are not income-based, we show that using such measures leads to
misleading attributions of welfare changes to redistribution and efficiency.

Our decomposition has a natural economic interpretation. A feasible allocation can
be regarded as a competitive equilibrium allocation for a complete-markets economy with
fictitious distortionary taxes and person-specific lump-sum transfers. A change in allocation
can be interpreted as having come from a reform of this fictitious tax system. Viewed in
this way, the allocative efficiency term is determined by the deadweight losses from changes
in distortionary taxes faced by consumers; the production efficiency term is determined by
changes in distortionary taxes faced by producers as well as wasteful government spending;
and the redistributive component is determined by changes in the net transfer payments

that consumers receive through the tax-and-transfer system. These components can be



described with concepts appearing in the public finance literature (Diamond and Mirrlees,
1971b; Diamond, 1975).

We compare our decomposition to two prominent alternatives, one developed by Benabou
(2002) and Floden (2001) and another by Déavila and Schaab (2022). We show that these
decompositions do not satisfy the two Pareto-consistency properties that ours incorporates.
For example, they can find that Pareto-improving policies reduce efficiency, that measured
efficiency gains increase as distortions grow, or that distortionary taxes are more efficient
than a lump-sum transfer that achieves the same redistribution. In stochastic environments,
the insurance components in their decompositions inherit similar problems.

We apply our decomposition to two calibrated incomplete-markets economies. First,
we revisit a standard permanent income-tax reform in which a higher proportional tax on
household income is financed by adjusting uniform lump-sum transfers. We show how our
decomposition separates the welfare effect of the reform into redistribution, insurance, and
several subcomponents of efficiency—most notably intertemporal smoothing and intratem-
poral labor distortions. In this setting, aggregate utilitarian welfare is maximized at a
substantially higher tax rate than in a status quo that is calibrated to the observed US fiscal
policy. Our decomposition indicates that welfare gains are driven mostly by redistribution
and improved insurance. Various efficiency channels have offsetting effects but overall they
are negative and dominated by distortions to labor supply. At a utilitarian optimum, the
reform generates sizable welfare gains for low- and middle-wealth households and welfare
losses for high-wealth households. Cross-sectional gradients of welfare effects are almost
entirely attributable to the redistribution component. Insurance contributes positively for
all groups, while efficiency losses are concentrated among high-wealth households through
the labor wedge.

We also study a public-debt reform of Aguiar et al. (2024) that raises government debt
and delivers a Pareto improvement. Our decomposition shows that almost all welfare gains
come from improved insurance and intertemporal smoothing, with only a minor role being
played by redistribution.

The rest of the paper is organized as follows. Section 2 introduces the environment. Sec-
tion 3 describes our coordinate system, our proposed welfare decomposition, and discusses
its properties. Section 4 presents an alternative characterization of our decomposition in
terms of a fictitious tax-and-transfer system in an Arrow—Debreu economy. Section 5 com-
pares our approach to other decompositions that have been proposed. Section 6 provides

two quantitative applications of our decomposition. Section 7 concludes. Proofs of claims in



Sections 3 and 4 are in Appendix A, and details of numerical implementation and additional

results for Sections 5 and 6 are in Appendix B.

2 Preliminaries

I consumers derive utility from K goods. Consumer ¢’s utility function w; : Rf — R
is strictly increasing in all arguments, strictly concave, and twice differentiable, with the
marginal utility of good k denoted by w; .

An allocation is an array x € ]RerK . A typical entry z; ;, denotes consumption of good k
by consumer i; z; = {z; s} denotes the consumption bundle of consumer i. An allocation
x determines aggregate consumption X = ZZ x; € RE. A convex and compact set ) C RE
satisfying free disposal describes production possibilities. An allocation z is feasible if X € V.

As noted by Arrow (1953) and Debreu (1959), such an environment encompasses both
deterministic and stochastic economies, since there is no conceptual distinction between con-
sumption of different physical goods and consumption of the same physical good in different
states of nature. The K goods from which consumers derive utility are often referred to as
final goods. Our specification of ) is general enough to allow for production processes that
include multiple sectors or firms, additional intermediate goods, and production networks.
We list a few cases to illustrate how such sets arise in specific macroeconomic environments.

These examples will be used in later sections.

Illustrations of production possibility sets. We first review how to deduce production
sets from production functions.? Suppose that a production technology F' converts initial
endowments of goods into final consumption goods. Let a € R!*L denote a matrix of
individual endowments, and A € R” the vector of aggregate endowments with A; = > il
being the total endowment of good [ for I = 1,...,L and a;; being person i’s endowment
of good I. We can write feasibility F(X, A) < 0. Here the production set ) consists of all
aggregate bundles X that satisfy F'(X,A) < 0. In some applications, it is convenient to
assume that endowments are in final goods, in which case the aggregate technology can be
represented as the constraint F/(X — A) <0.

We say that a technology is linear if F' takes the form F(X — A) = >, bp(Xp — Ag)
for some parameters b = {byp}r. We have an endowment economy if F takes the form

F(X — A) = maxp{X; — Ax}. In an endowment economy, F' is not differentiable because

2See also Mas-Colell et al. (1995) for a textbook treatment of production functions.



goods cannot be transformed into one another, so the boundary of the feasible set exhibits
kinks. Likewise, in stochastic environments with aggregate states, F' is non-differentiable
across states of nature: units of a physical good in one state cannot be converted into units
of the same good in another state.

An example of linear technology are consumption—leisure models in which agents’ labor
supplies are converted into outputs of the final consumption good linearly. In such models,
agents have a fixed endowment of time that they allocate between leisure ¢ and labor supply
| = ap — (. Let A, denote the aggregate time endowment, so that aggregate leisure £
and aggregate labor supply L satisfy £ + L = A;. The aggregate technology can then be
represented in terms of either aggregate labor or aggregate leisure as F(C, L) = F(C, A;—L).
We shall use such leisure and labor representations interchangeably.

Finally, various types of production networks or intermediate inputs are subsumed in
F. We illustrate this using a simple two-tier production network. Consider a consumption—
leisure model in which the final consumption good C' is produced by a final-good sector that
combines labor L; and intermediate goods Z using the technology C' = Z ‘QLTQ. Intermediate
goods are produced from labor according to Z = Lo, and the aggregate labor supply is
L = L1 4+ Ly. Tt is easy to show that the resulting aggregate production technology is
C < 0%(1-0)' 7Y L. Equivalently, in terms of a consumption-leisure representation, feasibility
can be written as F(C,£) < 0 with F(C,L) = C +6°(1 — §)'=%(L — T), which is a special
case of the linear technologies defined above.

In many interesting economies, the aggregate allocation X implied by x lies inside the
production possibility frontier (PPF), i.e., in the interior of ). In the two-tier example above,
X is on the PPF if and only if the allocation of labor between the final- and intermediate-
good sectors satisfies L1 /Ly = (1—6)/6. This condition would hold in a classical undistorted
competitive equilibrium but would typically fail in the presence of monopoly power or tax
distortions. This mirrors a more general property that in network economies, such as the
one considered by Liu (2019) or Baqaee and Farhi (2019), the equilibrium allocation of
final goods typically lies in the interior of the PPF when intermediate-goods production is

distorted.

Social welfare. We assume that a researcher evaluates social welfare using the function

W(z) = 3, &ui(z;), where a; > 0 for all .3 Let 2* be the equilibrium allocation under

3We use a welfare function that is linear in utility for expositional simplicity. The welfare index can be
any function of the allocation as long as it preserves Pareto improvements, that is, if 2** Pareto dominates



status-quo government policies, and z** be the allocation under an alternative policy. The
welfare effect of a policy reform is W (z**)—W (x*). Our goal is to decompose W (z**)—W (x*)
into two components: a redistribution component that measures how welfare changes due to
reallocation of resources across agents, and an efficiency component that measures gains or
losses associated with distortions in the production and allocation of resources. With such a
decomposition in hand, we can decompose the efficiency term into additional subcomponents

representing, for instance, efficiency changes due to improved insurance.

3 Welfare decompositions

We construct our decomposition through a coordinate system that allows us to categorize and
understand the welfare effects of policy reforms. We begin with points on the Pareto frontier,
where welfare effects can be classified exclusively as redistribution. Standard economic
theory tells us that movements along the frontier can be indexed by Pareto—Negishi (PN)
weights, which we interpret as a coordinate system for the frontier. We extend these ideas
to all feasible allocations. A reform that moves inside the Pareto frontier should require a
reduction in efficiency. Motivated by this property, we associate each inefficient allocation
with a point on the Pareto frontier and a vector of economic distortions relative to that
point—yielding a coordinate system consisting of PN weights and efficiency wedges. We
develop a decomposition using this coordinate system by associating changes in PN weights
with redistribution and changes in efficiency wedges with efficiency gains or losses. We
conclude by discussing the intuitive properties of this decomposition and then extend the
analysis to stochastic environments. Throughout, we focus on interior allocations in the

main text, but include analysis of all feasible allocations in Appendix A.

3.1 Efficient allocations

Let x be a point on the Pareto frontier that attains the maximum of the following problem

Hjlgéxzz: Uy (iz) s.t. Zz:.fz < X, X e Y, (1)
for some Pareto—Negishi weights «. At an interior allocation, the PN weight of consumer

1 is inversely proportional to the marginal utility of consumption: a; o Given an

gk (1)

z* then W(z™) > W(z"). For example, any welfare aggregator W (z) = G({u;(z;)}:) that is increasing in
all arguments. This allows W (x) to be evaluated in any units, e.g. % of consumption.



allocation, any good k can be used to construct the PN weights, since on the Pareto frontier
ratios of marginal utilities are equalized across agents for all goods.
Let P € RX be the vector of Lagrange multipliers associated with feasibility constraints

S < X in maximization problem (1). Rewrite problem (1) as

maxz PrXp + Z o max{ul Z;) —1 Z P.z; k} (2)

X)Jk

The maximizers (z, X) satisfy
> Przig =Y PpXp. (3)
ik %

Lagrange multipliers P act as implicit prices that convert quantities of physical goods into a
common notion of income. In general, the multipliers P depend on the underlying PN weights
a, so let P(«) denote the Lagrange multipliers associated with the feasibility constraints in
problem (1) given weights «.

The first maximization in problem (2) shows that at a Pareto optimum the planner
chooses aggregate quantities to maximize aggregate income. The collection of maximization
problems over Z;,7 € I, in problem (2) determines the optimal allocation of total output
among individual agents. Equation (3) shows that the sum of individual spending or dis-
posable income equals aggregate income.

Define the indirect utility function V; for consumer ¢ at a price vector p € Rf and income
Yi as

‘/i(pyyi) = maX uz xz Zpkﬂ% k< Yi (4)
Using this function, we characterize Pareto-efficient allocations as follows:

Lemma 1. Let x be any interior Pareto-efficient allocation and o € Ri be the associated
Pareto—Negishi weights and p € Rf be any supporting price vector such that p < P(«).
Define individual incomes y; == Y, ppxir and aggregate income Y := ) .y;. The triple
(Y,y,z) satisfies:

(i) Aggregate income. Given p, aggregate income Y is the maximum attainable income:

Y =Y"¥(p) :=max Yy pX 5
(p) Xeyzk:k 2 (5)



(ii) Income distribution. Given (p,Y), the income distribution y solves

y=0 =
7

max Y «;Vi(p,9;) s.t Zg]z <Y. (6)

(i1i) Individual allocation. The consumption bundle x; of consumer i solves the individ-

ual problem (4) given (p,y;), i.e., x; satisfies

| — Pruin(zi)
Pk Ui,l(ﬂcz‘)

for all k > 1. (7)

Proof. See Appendix A.1.1. O

Lemma 1 computes an efficient allocation in three steps. First, the planner chooses
aggregate quantities by maximizing aggregate income as in (5). Second, the planner allocates
aggregate income across consumers by solving (6). Finally, each consumer allocates income
across goods by solving (4).

At an interior solution to (6), the optimality condition implies a; o< 1/V; (p, y;), where
Yi = » . Pk and since any supporting price vector satisfies p oc P(a), the PN weights

satisfy a fixed point given by the following lemma.
Lemma 2. Let x be any interior Pareto-efficient allocation and o be the associated Pareto—

Negishi weights normalized to satisfy >, a; = 1. Then « is the unique solution to

1
Viy(P(), Zklpk(a)xi,k)

: (8)

oy =

iz’ Viry (P(@), 34 Pr(@)in i)

where V; ,, denotes the derivative of V; with respect to income.
Proof. See Appendix A.1.2. O

In general, (8) is nonlinear because the supporting multipliers P(«) depend on ov. When
Gorman aggregation holds, relative multipliers Py («)/P1(a) are independent of «, so sup-
porting prices can be chosen to be constant along the Pareto frontier.* In such cases, one
can find prices by solving X € argmax Sey u(X ) for a common utility function u, and then

setting Py (a) o< ug(X). For identical separable CRRA preferences u;(x;) = ﬁ Yk dka:;;(’,

“Prices are also constant if the technology is linear and in that case they equal the marginal rates of
transformation.
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we have V; ,(p,y) o< y~7 and hence o;(z) o< y;(z)?. For identical separable CARA prefer-
ences u;(x;) = —% >k Ak exp(—yxi k), Viy(p,y) is exponential in income, implying a;(x) o<
exp('yyi(x) /> ok pk); the normalization by ), pi ensures invariance to rescaling of prices.
Even when conditions for exact Gorman aggregation are not met, many models—for in-
stance, Bewley—Huggett—Aiyagari-style settings—feature an approximate aggregation that
leads to relative prices that are nearly constant along the Pareto frontier. We illustrate this
in our quantitative application in Section 6.

We focused first on allocations on the Pareto frontier deliberately as it allows us to
unambiguously separate redistribution from efficiency. By definition, at a Pareto-efficient
allocation it is impossible to make any agent strictly better off without making someone else
worse off. Thus, the welfare effects associated with movements along the frontier must be
due only to redistribution. We refer to this property as weak Pareto-consistency.

Conditional on the desired level of redistribution, summarized by the Pareto—Negishi
weights «, prices serve as a sufficient statistic for efficient production and efficient allocation
of income across goods for each consumer. This is reflected in Part (i) and Part (iii) of
Lemma 1 where the equations (5) and (7) do not depend on «. The supporting prices also
determine who benefits from redistribution along the Pareto frontier. Let Z;j; denote an
infinitesimal reallocation along the frontier. This change is associated with adjustments in
prices pj and nominal incomes g; = >, (Drxik + Prlik). The welfare change for consumer
1 is given by U, = ViyUi + VikDr, where V; , denotes the derivative of V;(p,y) with respect
to pg. Applying Roy’s identity, this simplifies to

Ui =Viy ZPk@',h (9)

k
The term ), piZ;  is the real change in disposable income. Redistribution along the Pareto
frontier requires changes in real disposable income—we term this income-based redistribution.

In the next section, we show how to generalize this property to all feasible allocations.

3.2 Representation of distorted allocations

We now generalize this approach to all feasible allocations, not just those on the Pareto
frontier. Because the Pareto frontier represents the set of maximally efficient allocations,
movements inside the frontier necessarily involve reductions in efficiency. We label this
property strong Pareto-consistency.

We use strong Pareto-consistency to inform our coordinate system by associating each



inefficient allocation with a point on the Pareto frontier, indexed by Pareto—Negishi weights
«. Associated with that point is a vector of prices pi that summarize how to efficiently
produce and allocate goods. We represent inefficiency through a vector of distortions ¢ =
(&,7), where & captures distortions in production and 7 captures distortions in the allocation

of income across goods. This representation extends Lemma 1 to all feasible allocations.

Lemma 3. Let x be any interior feasible allocation and p x P(«a) be any supporting price
vector. Define individual incomes y; == Y . PpTik, and let Y = " y; denote aggregate
income. There exist Pareto-Negishi weights a € RL | allocation wedges 7 = {7ik}tip with

Ti1 =0, and a production wedge & € [0, 1] for which the triple (Y,y, ) satisfies

(i) Aggregate income. Aggregate income equals the mazimum attainable income reduced
by the production wedge:
Y =(1-8Y"™(p), (10)

where Y™ (p) is defined in equation (5).

(ii) Income distribution. Given p and Y, the income distribution y solves

max : a;Vi(p,yi) st ;@SY, (11)

where the indirect utility function Vi(p,y) is defined in equation (4).
(iii) Individual allocation. The consumption bundle x; of each household satisfies

L+, =
Pk Ui1 ﬂfz)

for all k > 1. (12)

Proof. See Appendix A.1.3. O

Lemma 3 shows that any feasible allocation can be represented by a triple («,&,7)
consisting of Pareto—Negishi weights o and two types of wedges: a production wedge &, and
allocation wedges 7 that capture inefficiencies in production and consumption, respectively.
Central to this representation is the vector of PN weights a(z) implied by the allocation x.

These weights solve the same system of nonlinear equations as in Lemma 2.° Once o(z)

°In the proof of Lemma 3, we apply Brouwer’s fixed-point theorem to the mapping defined by (8) to show
the existence of a(z). In standard models and the examples we study, the weak dependence of P on « implies
that the fixed point is unique. In general, there can be multiplicity, and for the purpose of constructing our
decomposition, we use the following selection procedure. Consider comparing a status quo allocation z* to a

10



is computed, shadow prices are p(z) o P(a(x)), and the wedges &(x) and 7(x) are then
determined by conditions (10) and (12). We use a vector t(x) = ({(z),7(x)) to summarize
distortions associated with allocation x.

Defining « in terms of the marginal utility of income requires computing prices. On
the Pareto frontier, the Lagrange multipliers P(«) served as supporting prices that could
be used to decentralize any point on the frontier with lump-sum transfers. This allowed
us to interpret welfare changes from reforms along the Pareto frontier as redistribution,
reflecting the tight link between changes in utilities and changes in real disposable income.
This link necessarily breaks down for allocations inside the Pareto frontier. When marginal
rates of substitution are not equalized across agents, there is no single price vector that can
consistently aggregate consumption into a measure of disposable income for all consumers.

Our coordinate system gives a natural solution to this problem. A by-product of the fixed
point for a are supporting prices associated with the generalized Pareto—Negishi weights.
Because the Pareto—Negishi weights are determined by the income distribution, an infinites-
imal change Z; j, can only result in a change in these weights if there is an associated change
in real income ), pr&; z. This extends the notion of income-based redistribution used on
the Pareto frontier to all feasible allocations.

In our coordinate system, the two measures of efficiency—the scalar & and the vector
of wedges 7—play distinct roles. The production wedge £ summarizes how far aggregate
income Y falls short of the maximum attainable income Y™ (p) at supporting prices p, so
1 — € measures inefficiencies in the aggregate production plan X.% The allocation wedges
T = {7k }i,, measure deviations of individuals’ marginal rates of substitution from socially
optimal rates of transformation. They can be interpreted as the implicit taxes and subsidies
that distort households’ allocation of resources across goods.

The vectors o and ¢ have I — 1 and I(K — 1) + 1 degrees of freedom, respectively. Under
some mild auxiliary conditions on preferences,” the pair (a, t) describes a unique allocation

X(a,t) as follows. Let p o P(«) be any supporting price vector. Total private income Y is

*

post-reform allocation z**. In the case of multiple solutions to (8), we select o™ at the status quo allocation
z* to minimize the welfare cost of distortions W (27 (a*)) — W(z*), and select a** at the reform allocation
x** to minimize ||a™* — o*||?.

50ur production wedge 1 — & may appear similar to the coefficient of resource utilization of Debreu
(1951), but the two are generically different. Debreu’s coefficient aggregates all deviations from the Pareto
frontier into a single scalar index. Our representation instead separates underutilization and technological
inefficiency into a scalar £ and allocation inefficiencies into a vector 7. The two measures coincide only when
technology is CRS, supporting prices p o P(«) are independent of «, and allocation wedges vanish (7 = 0).
See Appendix A.1.7 for details.

"We give these conditions in Appendix A.1.4. A sufficient condition, which is much stronger than needed
for the result, is that all goods are normal.
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determined by the production wedge £ via Y = (1 — &) Y™*(p). Given income Y and PN
weights «, the distribution of income y solves the planner’s problem (6) in condition (ii) of
Lemma 1. This ensures that the allocation of realized income Y is consistent with the social
preferences embedded in « even when Y < Y™*(p). The consumption bundles z;; then
satisfy the distorted first-order conditions (12) and the budget constraint ), prx;r = v
The supporting price vector p continues to be defined only up to a positive normalization
of the Lagrange multipliers P(«a). If p is a supporting price vector for a given «, then so is
p = Ap for any A\ > 0, with incomes and Y™ (p) scaling proportionally. All of the objects
we have constructed from p are invariant to such rescalings. Thus, the allocation wedges 7
depend on p only through relative prices p1/pk, and the production wedge ¢ is defined from
the ratio Y/Y™#(p), which is unchanged when both Y and Y™ (p) are multiplied by the
same factor. Likewise, the PN weights a(x) are constructed from marginal utilities of income
evaluated at p-implied incomes, and rescaling p rescales all incomes proportionally without
affecting the fixed point (8) that defines a(x). Consequently, our («,t) representation and
the resulting welfare decomposition do not depend on how we normalize p. Later, we shall
use this property when we construct a decomposition that is numeraire-independent.
Welfare can be written in the («,t) coordinates as W(a, t) := >, & ui(Xj(a, t)). By con-
struction, («, 0) represents an allocation on the Pareto frontier. Consistent with interpreting
t as a measure of distortions, the following lemma asserts that distortions reduce welfare
relative to the efficient benchmark, and is a key ingredient in guaranteeing that our welfare

decomposition satisfies strong Pareto-consistency.
Lemma 4. For all feasible x with corresponding a and t, W (a,0) > W (a, t) .

Proof. See Appendix A.1.5. O

3.3 DMarginal and Shapley-value welfare decompositions

We apply our coordinate system (a,t) to construct a welfare decomposition for a policy
reform that moves the economy from allocation x* to allocation ™*. Using our representation

W(z) = W(a(z),t(z)), we can write the welfare effect of this reform as
W(x™) — W(z") = W(a™, t™) — W(a™, t"), (13)
where, for brevity, we write a* := «(z*) and t* := t(z*), and similarly o™ := a(z*™*) and

= (™).

12



We begin with a marginal reform that changes x* by a small amount. Fix x* and set

x** = x* + i, where ¢ is a scalar and & € R/*X is the direction of change. Use hats to

denote marginal changes as ¢ — 0, e.g., W := lim._,o w Dividing (13) by e

and taking a limit as € — 0, we obtain

W = Waa + Wi, (14)
—
R E

where W, and W, denote the gradients of W with respect to « and ¢, evaluated at (a*,t*),
and where @& and ¢ are corresponding marginal changes in coordinates induced by the pertur-
bation &. The Gateaux derivative R := W,é captures the effect of changes in inequality on
welfare holding distortions fixed, while E:= Wi captures the effect of changes in distortions
on welfare holding inequality fixed. Whenever W # 0, the ratios IA?/ W and E/ W sum to
one and can be interpreted as the fractions of the marginal welfare change attributable to
redistribution and to efficiency. These fractions can be negative or exceed one in absolute
value when redistributive and efficiency effects work in opposite directions.

For non-marginal reforms, the attribution of the total welfare difference W(a**, t**) —
W(a*,t*) to changes in « and ¢ is not unique because W is generally non-separable in its
arguments. A common approach in such settings—see Shorrocks (2013) and Lundberg and
Lee (2017)—is to use Shapley values to assign contributions to each argument.® In our

setting, Shapley values associated with « and ¢ are

R(a*,2™) = L[W(a™,£*) — W(a*, )] + L [W(a™, 1) = W(a",t™)],

NO|—=

E(z*, ™) = L [W(a*,£7%) = W(a™, t9)] + L [W(a™, %) — W(a™, £)].

DN|—
N[

This yields the global decomposition
W(z™) — W(z") = R(z™, ™) + E(z™, ™). (15)

We use R and E as our measures of redistribution and efficiency for non-marginal reforms.

8Let f(z) be a function of z € RY. The Shapley value of the nth component z, in the difference
f(z™) — f(2%) is defined as the average marginal contribution of z, across all possible orders in which
2" = (27,...,2y) can be transformed into z** = (27™,...,25") by changing one component at a time. We
experimented with several alternative ways of attributing the change in W to its arguments and found that
they perform similarly in the examples and calibrated economies we consider below. We derive them in
Appendices A.2.1 and A.2.2. For quantitative applications, we use the Shapley-value-based decomposition
because it is easy to implement and widely used, and we report outcomes under alternative schemes in
Appendix B.7.
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It is easy to verify that for marginal reforms R and E converge to R and E, so that (15) is a
global extension of (14).
3.4 Properties of the decomposition
We now collect several properties of the Shapley-value based welfare decomposition.
Proposition 1. Decomposition (15) satisfies:

(i) Weak Pareto-consistency: If x* and ©** are on the Pareto frontier, then E(x*, z**) = 0.

(ii) Strong Pareto-consistency: If x* is on the Pareto frontier but x** is not, then E(x*, ™) <
0; if 2** is on the Pareto frontier but x* is not, then E(z*, 2**) > 0. When social wel-

fare weights & are strictly positive, these inequalities are strict.

(iii) Numeraire invariance: The ratios R(x*, z**) /(W (2**) =W (z*)) and E(z*, x**) /(W (z**)—
W (x*)) are independent of the choice of numeraire good (the normalization of the price

vector) and of the labeling of goods (which good is indexed as good 1).

(iv) Direction invariance: The decomposition is reflexive in the sense that

R(z*, z**) R(z**, z*) E(x*, z**) B E(z**, z*)

W(z™) = W(a*) W) =W(z)" W) -W(z*)  W(z*) - W)

(v) Income-based redistribution: If Y, prat, = >, ppxls for all i then R(x*,2**) = 0.
Proof. See Appendix A.1.6. O

Properties (i)—(iv) are natural desiderata for any decomposition that aims to separate
redistribution from efficiency. The first two properties formalize a Pareto-based notion of
efficiency that is purged of distributional judgments. If both allocations are Pareto efficient,
then any change in social welfare must reflect a change in the distribution of resources,
and not a change in the feasible set; Weak Pareto-consistency therefore requires E = 0.
Conversely, when one allocation lies on the frontier and the other does not, Strong Pareto-
consistency requires that the efficiency component has the correct sign: moving away from
the frontier lowers efficiency, while moving toward the frontier raises it (strictly so when all
welfare weights are strictly positive).

Properties (iii) and (iv) ensure that the shares of the welfare change attributed to re-

distribution and efficiency are not artifacts of normalization choices. Numeraire invariance
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guarantees that changing units (or relabeling goods) does not affect the decomposition. Di-
rection invariance guarantees that the relative contributions of redistribution and efficiency
are the same whether we view the comparison as a reform from x* to z** or as the reverse
reform.

Property (v) is substantive: it extends the income-based redistribution insight on the
Pareto-frontier from Section 3.1 to distorted allocations. Along the Pareto frontier, sup-
porting prices provide a common metric for measuring each agent’s real disposable income,
Yi = Y Pk, and changes in welfare can be interpreted as redistribution precisely because
welfare changes are tightly linked to changes in these real incomes. Property (v) generalizes
this idea by requiring that, even away from the frontier, a policy that leaves all agents’
real disposable incomes (evaluated at the baseline supporting prices p*) unchanged has no
redistribution component. To see why this criterion is appealing, consider the following

example.

Example 1 (A pure distortion with no redistribution). Consider an economy with two
consumers and two goods, consumption and leisure. Technology is linear: time can be
converted into consumption at a constant marginal rate. Consumer 2’s labor earnings are
taxed at a proportional rate 7, and tax revenues are rebated lump-sum to consumer 2.

Consider a reform that changes the tax rate from 7* to 7**.

In Example 1, the reform alters consumer 2’s marginal incentives by distorting their labor
supply, but it does not transfer any resources across consumers—consumer 1’s allocation
is entirely untouched and all taxes paid by agent 2 are rebated lump-sum back to them.
Intuitively, any welfare change in this example should arise entirely from changes in how
efficiently agent 2 allocates their time between labor and leisure, not from redistribution
across consumers. This intuition is captured by Property (v): since each consumer’s real
disposable income, evaluated at the pre-reform supporting prices p*, is unchanged (i.e.,
>k p’,;x:‘ e =Dk p}imfz for i = 1,2), our decomposition correctly identifies zero contribution
of redistribution to the welfare change.

The reform in Example 1 affects the distribution of utilities even if the distribution of
income is unchanged, as consumer 2 is made worse off by the distortion (while consumer 1
is unaffected). It is possible to construct a decomposition that connects redistribution to
changes in utilities rather than real incomes. Representing allocations by an I-dimensional
vector of utilities requires using a scalar to represent efficiency since capturing redistribution

requires I — 1 degrees of freedom. In Appendix A.2.3, we use the coefficient of resource
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utilization suggested by Debreu (1959) as that scalar and construct a decomposition that
features a utility-based notion of redistribution.

We show that this alternative decomposition satisfies properties (i)—(iv) but not Prop-
erty (v). Applying this decomposition to Example 1, we find that it can attribute anywhere
between —00% and 100% of the welfare gain to redistribution and thus fail to capture the

economic logic underlying the reform.

3.5 Extensions

The efficiency term can be decomposed to highlight distinct channels. First, the array
t = (&, 7) consists of a production wedge &, which captures distortions in the production
of aggregate resources, and allocation wedges 7, which capture distortions in the allocation
of goods across consumers. We can represent welfare as W(x) = W(«,&,7) and use the
Shapley value contributions of £ and 7 to the efficiency component E, denoted by EP" and

E?, to measure productive and allocative distortions. We thus obtain

W(z*™) — W(z*) = R(z*, %) + EP" (2%, ™) + E% (2%, 2*), (16)

so EP" and E% are two subcomponents of the efficiency term E. A marginal counterpart is

W = Wab + W + W, 7. (17)
M
=R _gpr  =Edl

Second, we can single out the role of insurance in stochastic economies. In incomplete-
markets heterogeneous-agent models like the one studied by Aiyagari (1994), taxation of
labor or capital income affects both the allocation of physical goods and the volatility of
consumption. In quantitative work, researchers often want to measure welfare consequences
of these two channels separately.” An Arrow-Debreu representation that indexes goods
by their physical characteristics and the stochastic state of nature in which they arrive
provides a natural framework for such decompositions. Our distortion vector 7 captures
misallocations both across physical goods and across states of nature. By singling out the
part of 7 that describes distortions across states of nature, we obtain a measure of efficiency
losses due to imperfect insurance.

To be concrete, suppose that there are N physical goods and S states of nature, so

that N x S = K. To distinguish between physical goods and states explicitly, we denote

9See, e.g., Heathcote et al. (2017), Dyrda and Pedroni (2021), or Bhandari et al. (2021).
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a typical element of by z;,(s). In the same way, typical elements of vectors p and 7 are
written as py(s) and 7;,(s). Given the numeraire independence property, we use the pair
(n,s) = (1,1) as the numeraire without loss of generality. Let Pr(s) be the probability that
state s is realized and u;(z;) = >, Pr(s)v;(x;(s), s) be the expected utility of agent . Let

:L'ms solve

T

max u; (Z;) s.t an $)Zin(s) < an(s)xm(s) for all n. (18)

ins

Allocation z}"® attains the highest utility that consumer 7 could attain if she were able

to freely reallocate physical goods across states of nature using the Arrow—Debreu securi-

ties. A natural interpretation of "

is the best insurance that agent ¢ could obtain, given
the existing allocation of physical goods she receives. Motivated by this observation, we

decompose 7 into two components, 79 and 7", as follows:

p1(1) Pr(s) vin(2i"*(5),5) _ vim(@i(s), 5)/via(wi(1),
Pn(s) Pr(1) vi 1 (2(1), 1) vin(ai™(s), )/vzl( (1

::1+T£n —1+TZZS(S)

)

1 i = .
+ Tin(s) 5

1
)

In this construction, 7*

captures insurance imperfections, measured by deviations in the
marginal rates of substitution relative to the numeraire across states from full insurance,
while 79 captures distortions in the trade of physical goods.

This approach expresses welfare W (x) in coordinates (o, &, 79, 7%"%). By computing the

"5 and 79 to the allocative efficiency component E% we

Shapley value contributions of 7
obtain two terms: EY that captures inefficiencies in the allocation of physical goods and E™*

that captures inefficiencies in providing insurance. This extends (16) to

Proposition 1 still holds for this decomposition, and its Properties (iii) and (iv) also
apply to all subcomponents of E. Following analogous steps, one can further decompose the
insurance term E® into separate components capturing insurance against aggregate and

idiosyncratic shocks. We do this in Appendix A.3.
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4 Decomposition of policy reforms

Our Section 3 decomposition is cast in terms of allocations and is silent about policies that
generate those allocations. In this section, we construct an alternative representation of (17)
that is cast in terms of a rich set of government policies.

We restrict attention to the case in which the production set ) is generated by a constant-
returns-to-scale technology F'(X — A) < 0, where A is the vector of aggregate endowments
constructed from individual endowments a € R’ This assumption simplifies our exposi-
tion, but is not essential to our analysis.°

We consider government policies that can be summarized by four objects: government
purchases G € ]Rf , consumer-specific lump-sum taxes/transfers 7' € R!, consumer-specific

consumption taxes ¢ € R’*X with normalization ti1 = 0 for all 4, and producer taxes ¢ € RE

with normalization ¢; = 0.

Definition. A competitive equilibrium given government policy (G, T, t,s) consists of con-
sumption x € ]Rf *I aggregate net output Z = X — A € RX, and prices r € RX such
that

(i) for each i, z; solves maxz, u;(Z;) subject to > . (14 tip)re(Tik — a;p) < Tj;

(i) Z solves max; >, (1 — )72y, subject to F(Z) < 0;

(iii) the allocation is feasible, >, z;  + G = Zi, + >, a; 1, for all k;

(

iv) the government budget constraint is satisfied,

ST =Y viwre (@i —ain)] = swreZe — Y 6Gh. (20)
k k

i k

=Tnet =5

This class of economies includes many interesting examples. The equilibrium alloca-
tion z of any economy with frictions—for example, due to monopoly power or market
incompleteness—can be decentralized as if it were the competitive equilibrium allocation
for some vector of policies (G, T, t,<). In such a decentralization, G need not correspond to
actual government purchases. As discussed in Section 2, distortions affecting intermediate

producers in network economies place the allocation z inside the PPF. From a welfare point

10 Any convex technology can be represented as a constant-returns-to-scale technology F(X — A) < 0 by
suitably redefining the commodity space; see McKenzie (1959). Our approach extends to this expanded
commodity space in a straightforward manner. To avoid carrying around extra notation for two sets of
commodity spaces, we assume, without loss of generality, that the primitive F' is constant-returns-to-scale
in this section.
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of view, such equilibria are equivalent to competitive equilibria of economies without dis-
tortions in intermediate-good production but in which some vector of resources G is simply
discarded.!!

It is convenient to rewrite the government budget constraint (20) as Y, 7" = S. Here
T is the net transfer to consumer 4, i.e., the sum of all transfers and taxes paid by that
consumer, and S is the government surplus that is available to finance net transfers to
consumers. This surplus includes tax revenues from producers net of non-transfer wasteful
government expenditures.

Consider an allocation x associated with coordinates (a,&,7) and implicit prices p.
This allocation can be supported by a competitive equilibrium for some government policy
(G,T,t,) and equilibrium prices r. Moreover, these policies can be chosen so that implicit
prices and allocative wedges coincide with equilibrium prices and consumer taxes: p = r
and 7 = . Given this, we can work directly with the policy vector (G, T, ,<) and use p to
denote producer prices. In such an equilibrium, the production wedge & equals ﬁ or
the ratio of government surplus (excluding net transfers to consumers) relative to GDP.

We take advantage of this insight and use it to construct an alternative interpretation
of our Section 3 decomposition. The allocative efficiency component E# captures the effect
of changing consumer taxes; the productive efficiency component EP" captures the effect of
changes in wasteful government expenditures net of production taxes or subsidies; the redis-
tributive component R captures the effect of changes in the (after-tax) income distribution,
which we denote by y = {y; }i, where y; = > ) prxik = >k Prlair — Tik(@ik —air)| +Ti. We
can express our marginal decomposition (17) that was written using changes in («, &, 7) co-
ordinates using changes in policy instruments (G, T, 7,<). In the process of doing this, we es-
tablish connections between our decomposition and some important objects from consumer-
theory and the public-finance literature about effects of taxation.

It is helpful to start from some basic components of consumer theory. Let x be a
feasible allocation, and let p and 7 be corresponding vectors of producer prices and consumer
taxes. The consumption vector x; can be viewed as solving the optimum problem of a
consumer who faces the price vector ¢; € R¥ with ¢ix = (1 + 7i1)pr and income m; =
> i 9i.kTik- The vector x; satisfies x; = x;(qs, m;), where x; € RE denotes the Marshallian

. . O%; 9%
demand of consumer i. The derivatives {%2}, and {2}, evaluated at (g, m;), are

m oq

income and uncompensated substitution effects, respectively. We use (f;; to denote the

"This equivalence underlies the celebrated “production efficiency” result of Diamond and Mirrlees (1971a),
who show that taxing intermediate goods is inferior to taxing final goods.
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compensated elasticity of demand for good k with respect to the price of good [. The
compensated elasticities can be constructed from income and uncompensated substitution
effects via the Slutsky equation. Utility of consumer i at allocation x satisfies u;(z;) =
Vi(gi,mi). Let n; and 79?,/& be defined by 7; = kakmk%(—;f and U5, = > TiaPiTi Gl g
these are weighted sums of income and compensated substitution elasticities, with weights
given by tax payments.

It is useful first to focus on the case in which the relative Lagrange multipliers P(«) are
independent of a. As discussed in Section 3.1, this case includes a variety of environments:
economies in which consumers have identical homothetic preferences, economies with linear
technologies, and standard CARA and CRRA models. We will discuss how our results
extend to the general case with P(a) depending on « later in this section. We now state our
main result. After that we will offer economic interpretations of the objects that appear in

(21) and their connection to the public finance literature.

Proposition 2. Let z* be an allocation and define w; € ]Rfr by w; = #‘%, where

derivatives of Vi are evaluated at (p*,y’). Suppose that the relative Lagrange multipliers

P(a) are independent of . Then (17) can be written as

Qg 1 net QiU 1
W= Zl_mT — w;S Z Zﬁklnum) (21)
:ﬁ :Epr :Eal
Proof. See Appendix A.4.1. O

Consistent with our earlier discussion, changes in consumer taxes ln( + 7) map into the
allocative efficiency component of our decomposition, and changes in surplus S map into the
productive efficiency component. Redistribution is captured by changes in {fi”et — wig}i,
that is, changes in net transfers to agents after an inequality-preserving share of changes in
wasteful expenditures net of production taxes or subsidies is accounted for.

To explain the interpretation of the terms w, 1, and ¢ that appear in these formulas
and the economics that makes our decomposition take form (21), we offer a sequence of

examples.

Example 2. Interpretation of weights w. Consider an economy with a single good.
Government policies can be summarized by a vector of lump-sum taxes T" and government

expenditures on the single good GG1. Consider a perturbation (T, G’l) Decomposition (21)
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becomes

W = E diui,l(Ti — wZS) + E diumwiS, (22)
i i
—R —Epr
where S = —(G1. Since there is no distinction between consumption and income in a one-

ui,1(x})
ui,11(2])’

where u;1 and w; 11 are first and second derivatives of consumer ¢’s utility function with

good economy, y; = ;1 and Vi(1,y;) = wi(x;), we can write weight w; as w; o

respect to consumption of the single good.

To interpret this expression, observe that the PN weights a* that we use to capture the
ug,1(x])
ur,1(7) R
marginal utilities, remains unchanged when a change in aggregate resources S is distributed
ui,l(a:;‘)

w11 (xf)”

would change if a change S = —G4 in resources were distributed in a way that keeps in-

inequality in z* satisfy %}‘ = for all ¢ > 1. Inequality, as measured by ratios of

across consumers in proportion to Thus, EP" in (22) computes how much welfare

equality unchanged; R captures the welfare effect of departing from this inequality-preserving

rule.

This interpretation extends to multi-agent and multi-good economies. There the PN

VL,y(y:)
Vi, (y7

of additional aggregate income S is described by the weights w;

weights o satisfy Z—i = for all ¢ > 1, so an “inequality-preserving” distribution

Vi,y(y?)
Vi,yy(yf)

in equation (21). These weights are often easy to compute in closed form. For example,

that appear

with CRRA preferences the weights are w; = y/Y™, i.e., the income share of agent i.
Thus, inequality is unchanged if additional income is distributed in a way that keeps income
shares of all agents unchanged. This distribution of resources also freezes standard statistical
measures of inequality including the Gini coefficient and various quantile ratios. When
preferences are of CARA form we have w; = 1/1, so that inequality is unchanged if aggregate

income is distributed equally among consumers.

Example 3. Role of income elasticity 7. Consider an economy with a single consumer
and linear technology. Suppose that the government finances wasteful purchases G7 of good
1 with a combination of consumer taxes and transfers (7*,7*). Suppose the policy reform
increases these purchases by G1, financed by an increase in the lump-sum tax T} and no
changes in consumer taxes, so that 7 = 0.

Since there is a single consumer, there is no redistribution, so R = 0. Since consumer
taxes are unchanged, the allocative distortions are unchanged, Eal = 0, the change in welfare

equals the change in the utility of the single consumer, so our decomposition assigns all
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welfare changes to productive efficiency:

W =11 =— — G . (23)

This equation indicates that since an increase in government expenditures is wasteful, the
consumer views it as a loss of efficiency. While government expenditures increase by G,
consumer income decreases by ﬁél To interpret ﬁ, suppose for concreteness that
income effects and taxes are both positive. If the consumer loses an extra dollar of transfers
from the government, an income effect induces her to decrease purchases of consumption
goods. Lower purchases of consumption goods translate into lower tax revenues that the
government collects through consumption taxes.

By construction, n; captures the offsetting revenue losses from consumer 1. Because 1
dollars are lost through lower consumption-tax receipts, a one-dollar increase in the statutory
lump-sum tax raises only 1—m; dollars of net government revenue. Financing one additional
dollar of government spending requires an increase in the lump-sum tax of 1/(1 — ), which
is the marginal cost of public funds in this example. This is why the income adjustment
in equation (23) scales Gy by 1/(1 — ;). Thus, EP" = —u;; x ﬁ x G has a simple
interpretation: the last term in the product measures the net change in resources that are
being wasted; the middle term converts that waste into a change in consumer income by
adjusting it for the fiscal externality that emerges if the status quo allocation is already
distorted with commodity taxes; then the marginal utility u;; converts these monetary

values into utils.

The same observations carry over to a general multi-good economy. The production
efficiency term EPT can be written as > @ (“i,l X 1%771 X wig), where S denotes the in-
crease in surplus due to a change in total government spending, valued at producer prices.
The expression inside the parentheses calculates the utility change of consumer ¢ from the
inequality-preserving distribution of resources. Consumer ¢ gets an additional wi:S’\ of such
resources from the government, but the net amount of resources needs to be adjusted for
the fiscal externality n; and converted to utils to compute welfare. Welfare weights a are

then used to aggregate individual utility changes into the change in social welfare. The same

fiscal externality adjustment appears in the other components of our decomposition (21).

Example 4. Role of compensated elasticities 1¢. Suppose everything is the same as

in the previous single agent example except that now the government uses some arbitrary
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changes in taxes and transfers (7,7") to finance G;. In this case, our decomposition becomes

W=y = — b Zﬁlkmum) (24)

—Fal

Changes in taxes now affect our measure of allocative efficiency. Public finance theorists call
the term ), ﬁikln(l/—i-\ﬁ’k) the marginal deadweight loss from tax changes or MDWL.!2
The deadweight loss measures the excess burden of distortionary taxation relative to lump-
sum taxation, so it naturally appears in the allocative efficiency term. Note that the Eal
term has a Very similar structure to the EP" term and can be written as a product of three
terms, uy 1 X 1—— X M DW L, where the marginal deadweight loss M DW L is first converted
to an effectlve loss of income for the consumer by adjusting for the fiscal externality, and

then to utils by scaling with the marginal utility of consumption.

In constructing decomposition (21) we chose good 1 as the numeraire. But as Proposi-
tion 1 shows, our decomposition is independent of the choice of numeraire. Consequently,
the ratios R/W, EP" /W, and E® /W in decomposition (21) are all independent of which
good is labeled as k = 1.13

We derived equation (21) under the assumption that the relative Lagrange multipliers
P(«) are independent of o. When efficient prices P(«) vary with «, the structure of decom-
position (21) is similar, except that we must distinguish between changes in real incomes
(i.e., income computed at constant prices) and changes in nominal incomes, then make
some adjustments for redistributive effects of tax changes. We discuss such adjustments in

Appendix A.4.1.

4.1 On aggregation of efficiency losses

Equation (21) decomposes the utility change @; of each consumer into redistribution and
efficiency components, and then aggregates these individual decompositions into a welfare
decomposition using social welfare weights @. This approach contrasts with standard mea-

sures of efficiency—such as Kaldor (1939) and Hicks (1939)’s sum of compensated gains,

12For example, see Auerbach and Hines (2002). Their expression for the marginal deadweight loss, equa-
tion (2.5), equals our term ), 97 ;In(1 + 71 ). The fiscal externality term 1—n; and the marginal deadweight

loss term ), 95 xIn(1 4+ 7; 1) both appear often in the public finance literature, for example in formulas of
Diamond and Mirrlees (1971b) and Diamond (1975) that characterize optlmal taxes.
13While u; 1 appears to depend on the numeraire, the product w1 X —— is independent of the numeraire.
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Harberger (1971)’s sum of deadweight losses, Debreu (1951)’s coefficient of resource utiliza-
tion, and more recently Bagaee and Burstein (2025)’s measure of aggregate efficiency—which
are constructed without reference to social welfare weights. While such measures may have
independent applied interest, we argue in this section that ignoring social weights leads to
a misleading aggregation of the different components of the welfare change.

We illustrate this point using Harberger’s measure, although the argument applies more
broadly. Harberger proposed measuring aggregate efficiency by summing individual dead-
weight losses using equal money-metric weights.!* Such deadweight losses are often depicted
as “Harberger triangles.” In our context, Harberger’s measure can be expressed as Eharb —
Yok ﬁkaln(l/—{—\nk) where recall that 95, are expenditure-weighted compensated elastici-

ties. The counterpart of this term in our decomposition is E% = 37, 123171 Dop Vs In(l 4+ 7).

Although both aggregators use { M DW L;}; as measures of inefficiency, they use them differ-
ently. The following example emphasizes advantages of aggregating deadweight losses using
welfare weights when constructing welfare decompositions.

Consider again Example 1 from Section 3.4, in which we studied a reform that taxes one
agent and rebates the revenue to that same agent. By design, there are no changes in the
resources of consumer 1, so #; = 0 and the welfare change is W = Qolio < 0. As discussed
in Section 3.4, there is no redistribution of resources across consumers, so from Property (v)
of Proposition 1 it follows that R =0. Furthermore, since tax revenues are returned back
to households there is no waste, and thus the production-efficiency component EPr = 0. It
follows that EY = asiis. Therefore, our decomposition interprets the welfare loss resulting
from this tax increase as coming 100% from a reduction in efficiency, regardless of social
weights: E/W =1 and R/W = 0 for all a.

Because Harberger’s efficiency measure aggregates without reference to the social wel-
fare function, his measure in a welfare decomposition necessarily makes the contribution
of efficiency sensitive to the choice of social weights. To see how this manifests in the
present example, define Jnorm — W/ > @;ui1, which expresses the change in welfare
in units of the numeraire good. This aligns with Harberger’s practice of measuring effi-

ciency in monetary units. Efficiency and redistribution components become ERr? /jj/norm

“Harberger was aware of the ad hoc nature of this aggregation method. He explicitly writes: “... Giving

equal weight to all dollars of income is mathematically the simplest rule, and our data come that way in any
event. In a sense, the second obstacle imposes, rather arbitrarily to be sure, a solution to the perplexing
difficulties posed by the first. This solution is obviously a far-from-perfect measure of national welfare—
indeed it is surprising how little dissatisfaction has been expressed (until quite recently) with its use as such”
(Harberger, 1971, pp. 788-789). See also Auerbach (1985) for a discussion of issues related to aggregating
deadweight losses with heterogeneous consumers.
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and Rharb /jjymorm — 1 _ pharb /jjmorm - jere RO ig defined residually to make the two com-
ponents sum to total welfare. By choosing as sufficiently small, we can make Eharb / Jj/norm
arbitrarily large and positive (and the redistribution component IA?h‘"b/ Ji/norm arbitrarily
large in magnitude and negative). Mechanics like these are not confined to Harberger’s
measure of efficiency. They apply to any efficiency measure that is constructed without
using social weights.!® Ultimately, the problem with using any such measure is that the
resulting decomposition fails to satisfy Property (v) of Proposition 1 which isolates redistri-
bution with changes in real disposable incomes.

We conclude this section by discussing the role that the cardinality of preferences plays
in our decomposition. Welfare measures require inter-person comparisons of utilities and
consequently depend on cardinality (see, e.g., Sen (1970)). As a result, cardinal measures
{@;ui}i appear in our welfare decomposition. The cardinality of u; and the Pareto weights
@; are tightly connected: & captures societal views about inequality for specific cardinal-
izations of utility functions. Re-cardinalizing utility functions requires re-cardinalizing the

Pareto weights as well. 16

4.2 Insurance

Proposition 2 applies to both deterministic and stochastic economies, with insurance repre-
senting a subcomponent of Ed. In principle, we can analyze risk by treating consumption
in different states of the world as different goods, but for applications this approach is not
attractive. Most macroeconomic and finance applications want to frame risk and insurance
in terms of statistical measures—variances, covariances, and coeflicients of risk aversion. We
now discuss our decomposition from that perspective.

To keep our exposition transparent, we focus on an economy with a single physical good.

5The Kaldor-Hicks compensation test of Kaldor (1939) and Hicks (1939) involves another example of
an efficiency measure that fits into our discussion. It evaluates the change in efficiency between allocations
z* and z** by summing their money-metric willingness to pay to move from bundle z] to x;* , across
individuals . In addition to the limitations discussed here, this measure has a more fundamental problem:
it does not, in general, yield an internally consistent social ordering and its application can lead to inconsistent
rankings. See Scitovsky (1941) and Kuznets (1948) for early discussions and Chipman and Moore (1978) for
a comprehensive review of this approach.

161t is common in the normative literature to assume utilitarian Pareto weights, &; = 1 for all ¢, appealing
to a veil-of-ignorance argument. Implicitly, these papers also take a stance on the cardinality of the utility
functions. For example, consider a commonly used preference specification over consumption ¢ and labor
[ of the form v(c) — v(l)/ei, where g; is an exogenous parameter capturing heterogeneity. This preference
specification is equivalent, in the ordinal sense, to preferences of the form e;v(c) — v(l), as these two utility
functions capture the same preference orderings over all possible bundles (c,!) for each consumer i. De-
spite their observational equivalence, these two preference specifications lead to very different normative
conclusions when welfare is evaluated using equal weights &; = 1 for all <.
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Throughout the main text we assume CRRA expected utility w;(z;) = >, Pr(s)v(z;(s))

with v(c) = cll:;;

we prove a parallel CARA analysis in Appendix A.4.2.

Idiosyncratic risk. Using the notation of Section 3.5, in a single-good environment, an
allocation takes the form = = {x;1(s)}is. To model idiosyncratic shocks, interpret each i
as a group of ex-ante identical consumers in which, ex post, a fraction Pr(s) of members
of group 4 receive endowment a;(s).!7 Since shocks are purely idiosyncratic, the aggregate
endowment A; = ). E[a;] of the single good is constant. We study a policy that reallocates
these endowments across groups to produce an allocation = {x;(s)}s with ), Ex; 1 = A;.
Let & denote a marginal reform that satisfies aggregate feasibility ), E2;; = 0.

For CRRA preferences, supporting prices p = {p1(s)}s can be set equal to state prob-
abilities, so that pi(s) = Pr(s); see Section 3.1. Hence, the income of consumer i equals
her expected consumption, y; = Ex; 1, and aggregate income equals aggregate consumption,
Y =X =) ,Ex;,.

The PN weights satisfy g—; = <%>U , so inequality is determined entirely by the dis-

1+T¢71(S) _ zi’l(s)/Exiyl e
I47,1(1) — \me,1(1)/Exin ’

where we normalize state s = 1 as the reference state. These wedges measure deviations of

persion of expected consumption shares. Allocative wedges are

realized consumption from expected consumption, thereby capturing incomplete insurance.
There are no production distortions, so welfare changes operate solely through redistribu-

tion and insurance. Applying our decomposition (see Appendix A.4.2 for detailed derivation)

yields
T _ * * ﬂl _ * * /l':
W = zi:oziE ”,(371‘,1) T, ln<X1> +Zi:aiE [v'(xm) Ty q ln<Exi71> (25)

:é :Eins

The term in the first braces labeled R captures changes in expected consumption shares
holding the pattern of state-by-state deviations fixed. The insurance term Eins captures
changes in the state-by-state profile of consumption risk, holding each Ez;; fixed. Thus,
mean-preserving spreads of consumption are interpreted as 100% efficiency losses. This
reflects Part (v) of Proposition 1, since the value of the consumption bundle here is simply

expected consumption.

17A formal treatment of idiosyncratic shocks uses a continuum of agents and a well-defined stochastic pro-
cess; see Uhlig (1996). Our discrete-type representation produces identical allocations and decompositions.
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A second-order approximation of (25) yields

W ~ Z Q; (Ele)l—o 1@1 — % Z Q; (EIZl)l_U V&l@@), (26)

% A

:ﬁ :Eins

highlighting that insurance for consumer ¢ is measured by the change in the variance of In z; 1

scaled by the coefficient of relative risk aversion o and the level of expected consumption.

Aggregate risk. Contrast the preceding idiosyncratic case with an economy exposed to
aggregate shocks. The feasibility constraint now requires ), z;1(s) = Ai(s) for every ag-
gregate state s, where A;(s) is the aggregate endowment of the single physical good in state
s. Following Section 3.1, the supporting price vector satisfies p;(s) oc Pr(s) A1(s)™7. With-
out loss of generality we can normalize these prices so that )" pi(s) = 1. With complete
markets, these prices correspond to the canonical risk-neutral probability measure. Let E
denote a mathematical expectation computed with respect to this measure.

The previous analysis, which focused on idiosyncratic risk, extends once one replaces
physical probabilities Pr(s) with the risk-neutral weights pj(s). Thus, the income of house-
hold i is y; = > pi1(s)zs1(s) = IE:B“ Substituting risk-neutral expectations into the de-

composition (25) yields the following decomposition for aggregate shocks:

i 1

R B INEx-l B Ti1
W = a; Bl (xf )zt In| == + a; Elv (xf ) In[ =2 . 27
Z % ( 1,1) 2,1 (EXl > zz: 7 ( z,l) ,1 E{Ei’ ( )

:lf{ :Eins

See Appendix A.4.2 for a detailed derivation.

To express this decomposition in terms of physical probabilities and covariances, use the
approximation EZ ~ EZ — o cov(Z,1In X1), which follows from the CRRA pricing kernel.
Substituting this into (27) yields the second-order approximation

W %Zdi (E:Eil)l_a [lrﬁx\m — acov(l?:nij,ln)ﬁ)]
i

4

X

—

_ % Z a; (Exf’l)l_a var(Inz;; —In X1).

:Eins
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Relative to decomposition (26) for idiosyncratic risk, the key difference is the appearance
of covariance terms cov (@,ln Xl) that measure how reforms tilt consumption toward
“good” or “bad” aggregate states. A reform that increases consumption precisely in states
where aggregate consumption X;(s) is low provides a valuable hedge because marginal
utility is highest in those states. The covariance terms measure this exposure and appear
scaled by o, so they can be interpreted as an effective risk premium associated with shifting
consumption toward bad aggregate states. When a reform reduces one agent’s exposure to
aggregate risk while increasing another’s, the decomposition records it as redistribution: a
valuable hedging opportunity is being transferred across agents.

The insurance term here reflects changes in the variance of Inz; 1(s) — In X;(s), i.e., the
variance of individual consumption relative to aggregate consumption. This reflects that
with CRRA preferences and aggregate shocks, “perfect insurance” means that individual
consumption co-moves one-for-one with aggregate consumption, making relative consump-
tion constant across states.

This analysis can be extended to apply when the aggregate feasibility condition includes

wasteful government purchases G = {G1(s)}s. Such expenditures create a wedge between

o —

A1 (s) and X, (s) and enter through the production-efficiency term EP" = Y uE |:U/(a?;1) T34 In(EX;)

The expressions for R and E" in (27) remain unchanged, yielding W = R+ EPr 4 Eins,

This decomposition also follows directly from the identity z;1(s) = %ﬁ'l x EX; x %(8),
1 i1

which in terms of log differences implies

nzii(s) =In| —=1 ) + mEX; + In Zia(s) ,
EX; Fon

)

the counterpart of the idiosyncratic expansion. The CARA case follows similar steps, except
that inequality and insurance are expressed in levels rather than logs, and are scaled by the

coefficient of absolute risk aversion. Details are provided in Appendix A.4.2.

5 Comparisons with alternative decompositions

An early welfare decomposition was developed by Benabou (2002), who wanted to un-
derstand the sources of welfare gains from changes in tax policy in a particular economic
environment. Floden (2001) extended Benabou’s decomposition to more general settings.
Floden (2001)’s version has subsequently been used by various researchers. We refer to it as

the BF decomposition. More recently, Davila and Schaab (2022) developed an alternative
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that we refer to as the DS decomposition. To compare these decompositions, we focus on
an economy in which consumers have identical preferences u(c;,¢;) over consumption and
leisure.'® For now, we assume that there is no uncertainty. We add uncertainty later in this
section.

Let ¢ = % > ¢ and (= % > ;Ui denote average consumption and leisure per capita. Flo-
den defines his measure of efficiency wg as a solution of u((l +wg)c*, E*) = u(é**, Z**). Thus,
1 4+ wg measures how many units of the numeraire consumption good a consumer would
have to be compensated to be willing to hold the aggregate per-capita bundle (¢**,**)
instead of (¢*,¢*). Since wg is measured in units of the numeraire good, Floden also
defines the total change in welfare wyy in units of the numeraire good as a solution of

doiaiu((14+ww)el, 6F) = > azu(c™, £7%). He defines his efficiency component, the equiv-

79" VERA)
E(z*,z**) In(14wg)
)W () 3 mItww) "

alent of our ratio W In deterministic economies, Floden’s redistri-

bution component is the residual 1 — %
Déavila and Schaab start by constructing a marginal decomposition. For allocation z and
A ug(ciyli)

its marginal change Z, they define dc; := & + /;. The term dc; expresses the change

ue(ci by
1; in agent ¢’s utility in units of the numeraire C(()ns;mption good. DS define their measure
of efficiency dc as the sum of these valuations across consumers, dc := %ZZ dc;. Because
this object is measured in units of the numeraire, DS also express the marginal change
dW in social welfare in the same units, so dW := W /(3 @u; ). DS’s marginal efficiency
component is then d¢/dW, and the marginal redistributive component is 1 — d¢/dW. To
construct a global decomposition, DS parametrize perturbations using a scalar 6 € [0, 1],
where # = 0 corresponds to the status quo and 8 = 1 to the alternative allocation; they then
accumulate their marginal assessments using a line integral along this path.

The BF and DS decompositions both define efficiency in terms of aggregates, wg and
dec, that use no social weights and are measured in consumption units. Consequently, both
approaches are subject to our Section 4.1 criticism of Harberger’s approach. Moreover,
as we show next, the BF and DS decompositions do not satisfy our Section 2 consistency
requirements and therefore have difficulty in identifying efficiency losses from introducing

distortions. We illustrate this in the following two-agent “worker—capitalist” economy.

Example 5. Consider an economy with two types of households that live for one period. A

representative firm uses a linear production technology that converts labor into consumption.

8Both Benabou (2002) and Floden (2001) require identical preferences for all agents. In addition, Floden
(2001) requires preferences to satisfy certain auxiliary conditions, which we assume to hold throughout this
section.

29



Each household is endowed with one unit of time that can be allocated between labor and
leisure. Households of type 1 have zero labor productivity, while households of type 2 have
unit labor productivity. In addition, each household i € {1,2} has an initial endowment a;
of the consumption good. We interpret a; > 0 as net savings and a; < 0 as net debt. To
ensure that the utility of the unproductive household (type 1) is well-defined, we assume that
a1 > 0. We refer to type 1 households as “capitalists,” since their income derives entirely
from their asset holdings, and to type 2 households as “workers,” since their income comes
from supplying labor.

Let allocation x* emerge from the laissez-faire competitive equilibrium of this economy.
We study policies that impose a lump-sum tax T° < a; on the capitalist and redistribute
its proceeds to the worker. We consider two redistribution schemes called Policy I and
Policy II. Under Policy I, the worker receives a lump-sum transfer. Under Policy II, the
worker receives the same amount, but now via a proportional labor subsidy.!® Let xrfp and
xéf denote equilibrium allocations under these two policies. By construction, the baseline
laissez-faire allocation with T' = 0 satisfies z* = xé = xél . For each T, the allocation ﬂ:r{p
lies on the Pareto frontier. At a given T, the capitalist attains the same utility under both
policies, whereas the worker is strictly better off under Policy I. Hence x{p Pareto-dominates

o3t for all T # 0.

Though highly stylized, Example 5 captures tax policy trade-offs that arise in canonical
heterogeneous-agent economies. Households with substantial wealth (capitalists) supply
little labor and finance consumption from asset incomes, while others (workers) supply a lot
of labor, hold little wealth, and are often in debt. Motivated by concerns about inequality,
a researcher may want to tax the wealth or capital income of the rich, since these taxes are
essentially non-distortionary in the short run. The revenue gathered can be used to support
poorer households through transfer payments or reductions in marginal labor-income taxes.

We begin with Policy I, which redistributes using lump-sum transfers. By construction,
this policy reform is efficient and moves the equilibrium allocation along the Pareto frontier.
Hence, by Weak Pareto-consistency, our decomposition gives E(x*, z1) = 0 for all T, so all
welfare changes are attributed to redistribution.

The DS decomposition reaches the same conclusion as long as the initial allocation z* is

an interior solution. In that case, DS’s statistic dc¢; correctly captures the marginal transfer

90ur setup allows T to take any sign. If T < 0, these policies transfer resources to the capitalist, either
through a lump-sum tax on the worker or through a proportional tax on their labor income. The analysis
is symmetric in the sign of 7.
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Figure 1: Welfare decomposition in Example 5 for Policy I (redistribution using lump-sum transfers).
Type i = 1 households are the “capitalists”. The x-axis is the transfer T from the capitalists and the
y-axis is (a) social welfare (utils), (b) efficiency share as a percentage of the total welfare change, and
(c) efficiency gains (utils). To construct this decomposition, we assumed logarithmic preferences,
utilitarian social welfare weights, unit time endowment, and initial assets a; = 1.1 and as = —0.4.

received by household type ¢, and since net transfers sum to zero, their efficiency term dc is
also equal to zero.

In contrast, there is no reason to expect that the BF approach will arrive at the same
conclusion. The BF efficiency component wg is constructed by applying the common utility
function to hypothetical allocations and can be zero, positive or negative for these reforms
that move along the Pareto frontier. To see this, consider preferences of the form used by
Benabou (2002):

2
Ine— ———(1— )"/, 28

For these preferences, it can be shown analytically that wg > 0 (wg < 0) for all T > 0
(T < 0) if the worker has debt. Appendix A.5 provides the derivations. We summarize this
discussion using Figure 1 for an illustrative set of parameters. In panel (a) we plot welfare
change W (zl) — W(z*) from Policy I for various levels of 7. In panel (b) we plot the
. E(;r*,zflp)
efficiency component W

(x7) =W (z*)
DS decomposition, and in panel (c) we plot the E(z*, z1.) term for all three decompositions

for our decomposition, the BF decomposition, and the

expressed for comparability in the same units (utils).?® Our decomposition and the DS
decomposition coincide, while the BF decomposition attributes a large fraction of the welfare
change to efficiency changes and violates Weak Pareto-consistency.

We now turn to Policy II. Unlike Policy I, this reform introduces a labor wedge and there-

20The assumption of log utility implies that the BF decomposition is already expressed in utils. To
convert the DS decomposition to utils, we use their global procedure to compute the fraction of welfare gain
attributed to redistribution and efficiency, then multiply by the total welfare gain.
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Figure 2: Welfare decomposition in Example 5 for Policy II (redistribution using proportional sub-
sidy/tax). Type i = 1 households are the “capitalists”. The z-axis is the transfer T from the
capitalists and the y-axis is (a) social welfare (utils), (b) efficiency share as a percentage of the total
welfare change, and (c) efficiency gains (utils). All parameters are the same as in Figure 1.

fore moves the equilibrium allocation from the Pareto frontier into its interior. By Strong
Pareto-consistency, our decomposition correctly identifies an efficiency loss, so E(x*, x{pl ) <0
for all T' # 0. In contrast, neither the BF nor the DS decomposition is guaranteed to detect
efficiency losses in this setting.

To illustrate, suppose preferences are given by (28) and the worker is initially in debt.
In this case, the BF decomposition finds efficiency losses for T" < 0 but efficiency gains for
T > 0, while the DS decomposition finds efficiency gains for all T. See Appendix A.5 for
derivations. Figure 2, the analogue of Figure 1 for Policy II, shows these patterns. Panel (c)
demonstrates that our efficiency term is always negative, DS’s measure is always positive,
and BF’s measure switches sign at 7" = 0.

The shapes in panel (c) are also revealing. Our efficiency component is inverse-U-shaped:
marginal efficiency losses become larger when the existing transfer 7', and therefore the
underlying labor subsidy (or tax), is already large. This reflects the standard result that
deadweight losses of taxation are convex in the tax rate. Formally, the local decomposition
n (21) shows that the efficiency term is proportional to CST*IH(/l—l-\T), where 7* is the
labor-subsidy rate associated with T, ln(/l?T) is the marginal change in that rate, and
¢5 < 0 is the compensated labor-supply elasticity of agent 2. By contrast, the DS efficiency
component is U-shaped, implying not only that distortionary taxes generate efficiency gains,

but also that these gains increase with the size of the existing distortion.?!

2In the example we discuss, the global DS decomposition violates Strong Pareto-consistency. DS pri-
marily focus on marginal decompositions in their analysis. One can formulate a local version of Strong
Pareto-consistency that is appropriate for marginal decompositions: the derivative of the marginal efficiency
in any feasible direction is non-positive at allocations on the Pareto frontier. The marginal DS decomposition
fails this local version of Strong Pareto-consistency. This failure is reflected in their U-shaped efficiency com-
ponent, which attains its minimum on the frontier—implying that, locally, the marginal efficiency component
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Figure 3: Efficiency comparison of Policy I (lump-sum transfers) and Policy II (proportional sub-

sidy/tax) in Example 5. Type ¢ = 1 households are the “capitalists”. The x-axis is the transfer

T from the capitalists and the y-axis is E(a:*mc%] ) — E(Jc*,xé). All parameters are the same as in

Figure 1.

These differences matter for policy evaluation. Suppose that we compare several redistri-
bution schemes that transfer the same amount of resources from capitalists to workers and
want to use a welfare decomposition to indicate the most efficient one. A natural approach
is to compare efficiency components E across reforms and choose the policy with the smallest
efficiency loss. Figure 3 plots E(z*, z4!) — E(z*, 24.). Because both policies deliver the same
redistribution but Policy I is implemented in a non-distortionary manner, our decomposition
finds this difference negative for all 7', indicating that Policy I is always more efficient. In

contrast, the DS decomposition ranks Policy II as more efficient for all T', while the BF

decomposition can rank either policy as superior depending on the value of T'.

5.1 Insurance

As in our approach, both BF and DS separate welfare gains attributable to an “insurance”
component from welfare gains attributable to overall efficiency. In this section, we show how
the concerns we highlighted in deterministic environments carry over to insurance compo-
nents in stochastic settings. We briefly review how BF and DS construct their insurance
measures and then present a simple example.

To measure the contribution of insurance, Floden proposes the following procedure. For

is increasing in distortions.
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each agent i, define the certainty equivalent ¢$° by solving u(c¢, £) = E[u(c;, £;)]. Aggregate
these certainty equivalents as ¢*° = %El c;®. Then compute the proportional consumption

10ss pune from u((1 — punc)é, £) = u(e®, ) for both allocations z* and x**. The insurance

1—p* . .
measure wWeins solves 14 wgins = 7—2une  The insurance component of the BF decomposition

S %, the analogue of our ratio % In the DS approach, the marginal con-
tribution of insurance is dins = % >, cov (EUJ;TC]’ de; — dé), and the insurance component is

given by dIns/dW. The next example illustrates problems that arise with both approaches.

Example 6. Consider the capitalist—worker environment of Example 5, but now suppose
that workers face idiosyncratic productivity shocks. Assume that markets are incomplete
and that in the laissez-faire equilibrium workers cannot trade Arrow-Debreu securities to
insure these shocks. Consider a policy that imposes a proportional tax 7 > 0 on labor
earnings and that rebates revenues to workers in a lump-sum fashion. Because capitalists

do not supply labor, the reform does not affect them.

This intervention is the type of imperfect insurance policy commonly studied in heterogeneous-
agent models (see, e.g., Aiyagari and McGrattan (1998); Benabou (2002); Heathcote et al.
(2017), and the application in Section 6). The policy reduces the volatility of workers’ after-
tax income but introduces labor-supply distortions, so its welfare effect reflects a trade-off
between improved insurance and higher marginal tax wedges. To focus on the insurance
channel, we abstract from the labor-supply distortions by taking v — 0, which makes labor
supply inelastic. Under this assumption, taxes do not distort behavior, and any 7 € (0, 1]
Pareto-dominates the laissez-faire allocation by providing better risk-sharing among the
workers. Let us evaluate the fraction of welfare gains attributable to insurance using our
decomposition, the BF decomposition, and the DS decomposition.

All three decompositions classify this reform as free of production-efficiency losses and
thereby attribute welfare gains to some combination of insurance and redistribution. Because
the reform does not alter the allocation of resources between workers and capitalists, our
decomposition assigns the entire welfare gain to insurance for any 7 and any choice of social
weights a. This is ultimately a consequence of Part (v) of Proposition 1. In contrast, the BF
and DS decompositions are highly sensitive to a. Figure 4 illustrates that, depending on the
social weights used to evaluate welfare, the BF and DS insurance components can be made
arbitrarily small or arbitrarily large and close to one. Their redistributive components—
which in this setting are simply one minus the insurance component—can likewise take

values arbitrarily close to zero or one.
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Figure 4: Insurance share of the welfare decomposition in Example 6 for a reform with 7 = 100%.
The “worker” is type ¢ = 2 household. The z-axis shows the Pareto weight assigned to the worker in
evaluating social welfare. The y-axis shows the percentage of welfare gains attributed to insurance
by each decomposition. To construct this decomposition, we assumed risk aversion coefficient o = 1,
labor supply elasticity parameter v = 0.5, a log-normal distribution for idiosyncratic productivity
shocks with standard deviation of 0.1, and an initial asset distribution given by a; = 10 and ay = 0.

The issue highlighted in this example is closely related to our Section 4.1 argument that
Harberger-type aggregated deadweight-loss measures are not suitable for welfare decompo-
sitions.?? Aggregating individual insurance gains by simple summation implicitly takes a
stand on social weights. However, those implicit weights are not internally consistent across
insurance and redistribution components, and they do not align with the social weights used

to evaluate total welfare.

5.2 Dependence on numeraire

In Proposition 1, we emphasized that our decomposition is invariant to the choice of nu-
meraire good. In contrast, both the BF and DS decompositions depend on the choice of
numeraire. That dependence affects not only the magnitudes of measured efficiency and
insurance gains but also their signs, which can change when the numeraire is changed.
We illustrate this point with a simple example using the DS decomposition; an analogous

example can be constructed for the BF decomposition as well.

Example 7. Suppose that there are two consumers with preferences u; = In¢; 4+ In¥¢; over

consumption and leisure. Let labor productivity be one for both consumers, so that an

22This general property also applies to decompositions based on Debreu (1951)’s coefficient of resource
utilization. See Section A.1.7 for more details
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additional unit of leisure corresponds to one unit of forgone consumption. Consider an

allocation x* given by (c},¢}) = (3,3) and (c3, ;) = (3,1). Consider a reform that changes
the allocation to (3 — 2e,3 +¢) and (3,4 +¢) for a small € > 0. Depending on whether ¢

or £ is the numeraire, the efficiency component in the DS decomposition flips sign.

This example is deliberately constructed to impose symmetries between ¢ and ¢ in pref-
erences and technology. Despite those symmetries, an arbitrary choice of numeraire reverses
the qualitative interpretation of the same reform: using c as the numeraire makes the reform

appear efficiency-enhancing, while using ¢ makes it appear efficiency-reducing.

6 Quantitative applications

In this section, we examine two fiscal reforms in calibrated incomplete-markets economies.
The first is a standard income-tax experiment in which a permanent increase in distortionary
taxes is financed with lump-sum transfers. The second reform implements the robust Pareto
improvement of Aguiar et al. (2024). For both applications, we decompose the sources of
welfare gains—both in aggregate and across the distribution. We begin by outlining the

environment.

Environment. Time is discrete and infinite. A unit measure of households face idiosyn-
cratic labor-productivity shocks. Each household 7 enters period ¢ = 0 with assets a; ¢ and
an idiosyncratic productivity state €; o = (65 0,6;-1:0) consisting of persistent and transient

components that evolve according to

logel, = p"logel, 1 +nl},

T T
loge; ; = ;4

where {nﬁ,n{t} are independent Gaussian shocks, and p? € (0,1).

Household i chooses consumption ¢; ¢, labor [; ; and next period’s assets a; 11 to solve

ck-e 1
max Eo Z Bt lll,t _ Lt 7

{eitlitaierrtie >0 -0 1+~

subject to

P T
Cit+air1 =(1—m) [Ttai,t + wtfi,tei,tli,t] +a;s + 1, Q41 > a,
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given (aip,€;,0). Here 7 is a proportional tax on total household income and 7} is a uniform
lump-sum transfer.

A representative firm operates a Cobb-Douglas technology Y; = AK? Ltlfe and hires
capital and labor at factor prices {(1 + ¢;)r¢, wy}¢, where ¢ is a tax on capital services used
by the firm.

Aggregate variables are obtained by summing across households:

At = /amdz’, Lt = /65t63jtli7tdi, Ct = /Ci7tdi.

Aggregate savings are allocated between capital and government debt, K;11 + B, = A1,

and the resource constraint is
Vi=Ci+ G+ Kip1 — (1 —0)K.

Given an initial distribution p over (a0, €;0) and a fiscal policy {7, T}, <, Bt, Gt }+>0, &
competitive equilibrium is an allocation {c¢;4, i ¢, @i +1}is and a sequence of prices {7y, wy}¢
for which households and firms optimize, markets clear, and the government budget con-

straint holds at every t.

6.1 Income-tax reform

We begin by studying a one-time, permanent change in the income tax rate 7, financed
by adjusting the lump-sum transfer {T;};. We set B, = B, G; = G, ¢ = 0, and 7y = 7*
and compute the associated invariant distribution p**(7*). Our status-quo allocation is the
stationary equilibrium corresponding to a policy (7%, B, G). We want to study the welfare
effects of once and for all moving to a new policy 7** associated with a new equilibrium
with initial distribution po = p**(7*) and policies (7**, B, G), where the path of lump-sum
transfers {T}}; is adjusted so that the government budget constraint holds at all ¢.

This experiment is a stylized version of a standard experiment for evaluating income-
tax reforms in an incomplete-markets model in which the policy 7* represents the current
U.S. system, and the invariant distribution p**(7*) is taken to approximate the current U.S.
economy. The reform 7** represents either a specific alternative or an “optimal” policy under
a given welfare criterion. It is well understood that such tax reforms redistribute resources
across households, provide insurance against idiosyncratic shocks, and distort incentives to

work and save.?? Our objective is to quantify the relative importance of these sources of

#See Huang et al. (1997), Aiyagari and McGrattan (1998), Conesa and Krueger (1999), Floden (2001),
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welfare effects.

Decomposition. We apply the full decomposition provided in equation (19). Physical
goods are indexed by time t and idiosyncratic states are indexed by histories s!, so an
allocation is & = {¢;¢(s"), li+(s")}; s st Implementing the decomposition requires computing
coordinates (a(z), &(x), 7(z)), where 7(z) consists of goods wedges 79(x) := {77 et ig,l,t}i»t

and insurance wedges 7% (z) 1= ms( ty, rins

" T5(s") }igsts as well as evaluating social welfare
"

W(a, &, ) for counterfactual allocations in which one coordinate is varied at a time.

For given PN weights «, supporting prices p(a) := {¢/"'(a) Pr(s"), wf* (o) Pr(s')}; o
of date ¢ consumption and effective-leisure are obtained by maximizing a—weighted utilities
subject to aggregate feasibility, and reading off period ¢ prices (¢ *,wf*) from the no-
arbitrage conditions of the representative firm. Let ¢; ;(s') := 65 t(st)egt(s ) denote efficiency

units of labor, and ¢ the time endowment. These prices imply lifetime incomes
Z Z CTPr(s") cin(s') + wf T Pr(s') (s (€= Lig(s)]

and associated indirect utilities V;(y;; p). The PN weights satisfy the fixed-point condition
oy o< %,y(yi(p(a);x);p(a)). In Appendix B.2, we describe an algorithm that iterates on a
deterministic sequence {K/'F', LT}, to compute this fixed point.

Given a(x), recovering £(z) and 7(z) is immediate. For example, the allocative compo-

nents of the goods wedges are given by

t Enc; -0 t Enle: /1 v
1 +T z ct iF < OClyt> ’ 1 + 7_ ilt — 5PF % O[SIZfrIZ}t]
q; Ci,0 YRRy i 0 Eole;;, /]

2,0

To compute the Shapley-value contribution of each coordinate, we also require the reverse
mapping from (a, &, 7) back to allocations in order to evaluate W(a, &, 7). Under separable
CRRA preferences, lifetime utility from consumption (or leisure) can be written as the
product of two terms: one involving the expected time-0 allocation, which depends on
(a,&,79), and a risk-adjustment term, which depends on the insurance wedges 70"°. This
structure yields a computationally convenient two-step procedure for recovering welfare from

coordinates. In Appendix B.2, we provide details.

Domeij and Heathcote (2004), Meh (2005), Erosa and Koreshkova (2007), Conesa et al. (2009), Krueger
and Ludwig (2013), Gottardi et al. (2015), Krueger and Ludwig (2016), Heathcote et al. (2017), Rohrs and
Winter (2017), McGrattan and Prescott (2017), Acikgoz et al. (2018), Hosseini and Shourideh (2019), Boar
and Midrigan (2019), Boar and Midrigan (2020), Chien and Wen (2021), Bruggemann (2021), Dyrda and
Pedroni (2021), Ferriere et al. (2022).
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Calibration. We follow a standard approach to parameterize our economy. We set o = 1
and v = 2, and choose the labor disutility parameter y to obtain average hours equal to
1/3. The subjective discount factor (3 is set to 0.96 to generate an after-tax return on
capital (net of growth) of about 3%. We set the capital share and depreciation rate (6, )
to (36%,10%). We set baseline fiscal policy parameters (7%, B,G) to target a marginal
income tax rate of 30%, public debt to output of 100%, and government spending (excluding
transfer payments) to output equal to 15%. We adopt Krueger et al. (2016)’s choices for
the idiosyncratic productivity process. This calibration generates a standard deviation of
log wage earnings of 55%. A complete list of parameters and transition paths for selected

aggregates are provided in Appendix B.

6.1.1 Results

We begin with a utilitarian welfare criterion and discuss the associated decomposition of
welfare gains aggregated across households. We then examine its cross-sectional counterpart.
Varying the size of the reform—i.e., the income tax rate 7** from 10% to 80% —produces a
familiar inverse-U relationship between welfare and the tax rate. With utilitarian weights,

aggregate welfare is maximized at a tax rate of 48%.

Aggregate components. Applying our decomposition to the income-tax reform, we first
characterize how the aggregate components of welfare vary with the tax rate. The goods-
related efficiency component, E9(7*, 7)) 4+ EP"(7*,7*"), exhibits an inverse-U shape as a
function of 7**, whereas the redistribution component R(7*,7**) and the insurance compo-
nent E™(7*,7%*) both rise monotonically with the tax rate; see the left panel of Figure 5.
At the utilitarian optimum, redistribution and insurance account for 68% and 124% of the
total welfare gain, respectively, while goods-related efficiency contributes —92%.

A monotone increase in redistribution and insurance is understandable. Higher income
taxes extract more resources from asset- and income-rich households and finance larger
lump-sum transfers, thereby providing additional insurance against idiosyncratic risks. The
inverse-U shape of goods-related efficiency reflects competing forces. A higher marginal tax
rate distorts the intratemporal labor-leisure margin, but the associated increase in transfers
improves intertemporal consumption smoothing. In addition, the firm’s input mix is dis-
torted relative to the socially optimal marginal rate of transformation. Incomplete markets
foster excessive precautionary savings that lower the equilibrium interest rate and lead to

overaccumulation of capital relative to a complete-markets benchmark. Labor income tax-

39



ation in turn depresses labor supply, raises the capital-labor ratio, and induces wages that
are too high relative to ones that support an efficient allocation. As a result, the economy
has too much capital and too little labor. By raising income taxes, the reform mitigates the
overaccumulation distortion but exacerbates the labor-supply distortion.

Our coordinate system allows us to distinguish intratemporal and intertemporal com-
ponents of EY by using the wedges 79.24 The right panel of Figure 5 shows that under our
calibration the reform always improves intertemporal smoothing but does so at the expense
of worsening the within-period allocation between consumption and leisure. Gains from in-
tertemporal smoothing are modest; for sufficiently large tax increases the intratemporal dis-
tortion dominates gains from intertemporal smoothing, making the overall goods-efficiency
component negative. Our decomposition further shows that the production-efficiency com-
ponent EP"(7*, 7**) coming from a sub-optimal mix of aggregate capital and labor is negative
but quantitatively small throughout.

Finally, the additive structure of the Shapley-value decomposition provides a natural
way to assess how much of the optimal income-tax rate is motivated by redistribution. To

isolate the part of the welfare gain unrelated to redistribution, we evaluate each reform using

which aggregates the insurance, intratemporal, intertemporal, and production-efficiency
components. Under this redistribution-neutral welfare criterion, the tax rate that maxi-
mizes welfare falls from the utilitarian optimum of 48% to 43%, or about 89% of the full

optimum.

Distributional analysis. When social welfare is additive across households, our proce-
dure delivers a decomposition that is also additive across households. Whenever welfare
gains are heterogeneous, this additive individual-level decomposition is useful for diagnosing
the sources of gains and losses for different groups.

As an illustration, we group households by initial wealth quintiles and plot the cross-
sectional distribution of welfare components for the reform that raises the income tax rate
from the calibrated U.S. steady-state value of 30% to the optimal rate of 48%. In the left

panel of Figure 6, we observe that the top two wealth groups experience welfare losses, while

24The intratemporal wedge is given by (1 + 771)/(1+ 77, ,) — 1, and the intertemporal wedge is 7/ ,.
Both wedges are simple transformations of 79. We apply the same Shapley-value logic as in the aggregate
decomposition to isolate the contribution of each wedge by varying one wedge at a time while holding the
others fixed.
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Figure 5: COMPONENTS OF WELFARE CHANGE
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Notes: Welfare decomposition for 7 € [10%, 80%)]. In the left panel, we plot total welfare and its components:
redistribution, goods-related efficiency, and insurance. In the right panel, we further decompose goods-related
efficiency into production, intertemporal, and intratemporal efficiency components.

the bottom three groups experience gains. As anticipated, the most pronounced differences
across groups arise from the redistribution component, which largely drives the welfare
gradient: redistribution contributes 66% of total gains for the lowest wealth quintile and
accounts for 69% of the losses for the highest wealth quintile.

Insurance contributes positively for all groups, though the magnitude is smaller for the
highest-wealth households. Goods-related efficiency contributions are negative for all groups
but are smallest in magnitude for the bottom quintile and largest for the top quintile. In
the right panel of Figure 6, we decompose the aggregate goods-related efficiency component
into its subparts; the same logic applies at the cross-sectional level, allowing us to examine
how the intertemporal and intratemporal components of EY, as well as the residual EP”
component, vary across households. We find that wealth-poor households benefit primarily
through improved intertemporal smoothing, whereas the intratemporal labor wedge is most
important for high-wealth households.

In Appendix B, we repeat the analysis grouping households by income rather than wealth.
Given the high correlation between wealth and income in standard calibrations of this class

of models, the resulting distributional patterns are very similar to those in Figure 6.
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Figure 6: WELFARE DECOMPOSITION BY ASSET QUINTILE
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Notes: Welfare contributions by asset quintile. The left panel shows total welfare and its decomposition into
redistribution, goods-efficiency, and insurance components. The right panel decomposes goods efficiency
further into production, intertemporal, and intratemporal components of efficiency by asset quintile.

6.2 Public debt reform

In this example, we apply our decomposition to a fiscal reform described by Aguiar et al.
(2024). Their reform is constructed to generate a Pareto improvement in a standard
incomplete-markets economy by adjusting public debt and fiscal policy. In a setting like
the one we study in this section, they show that with low interest rates, increasing pub-
lic debt and appropriately adjusting taxes and transfers can expand the budget sets of all
households.??

Although these reforms raise welfare for everyone by construction, it is not obvious
whether gains come mainly from improvements in efficiency or insurance that benefit house-
holds broadly, or whether implicit redistribution allows some households to gain more than
others. Our aim is to use our decomposition to quantify contributions of efficiency, insur-
ance, and redistribution to the overall welfare gains, and to study how these components
vary across households.

We specialize our environment to obtain what Aguiar et al. (2024) call a constant-K
reform in which aggregate resources are held fixed. To achieve this, we set ¥ = 0 and
assume that households supply one unit of labor inelastically. The status-quo economy is
the steady state associated with By = Ty = 7w = ¢ = 0. We denote the associated capital
stock and return on savings by K*° and r*®, respectively.

The reform consists of (i) a sequence {B;}; with B; — B, and (ii) a sequence of capi-

25 Aguiar et al. (2024) provide general conditions for a robust Pareto improvement in richer settings that
allow for markup distortions.
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tal wedges {¢;}; that ensure Ky = K*° for all ¢ > 0. The associated equilibrium includes
sequences {r;}; and {T;}; that clear asset markets and satisfy the government budget con-
straint. The reform constitutes a Pareto improvement if r, > r** and T; > 0 for all ¢, thereby

expanding the budget sets of all households.

Welfare decomposition. The steps for constructing our decomposition are like those for
the tax reform and are detailed in Appendix B.2. Because the reform keeps aggregate out-
put, consumption, and factor utilization fixed, it affects welfare only through its impacts on
time paths of individual consumption. Redistribution is captured by the percentage change
in the present value of the expected paths {Egc;;}i; goods-related efficiency captures de-
viations from intertemporal smoothing for those expected paths over the transition; and
insurance captures deviations of realized consumption from its expected paths. Other forms
of efficiency such as production efficiency and distortions in intratemporal labor-leisure al-
location are irrelevant in this setting because aggregate quantities of capital and labor are
held constant.

In the absence of ex-ante heterogeneity, expected consumption paths converge to the
common steady-state level, Eqc;; — C®°. Thus, gains from goods-related efficiency are
present only along the transition, while insurance gains are present both along the tran-
sition and in the new steady state. Given this structure, the relative contribution of the

components depends on the size of the discount factor 3.

Calibration. We adopt an illustrative calibration for the status-quo economy and con-
struct a reform that generates a robust Pareto improvement. We use the same preference
curvature, idiosyncratic skill process, and aggregate production technology as in the pre-
vious section. The status-quo economy is calibrated so that 1 + r = 0.99. A negative
real interest rate is necessary for a robust Pareto improvement in the absence of additional
features such as markups. The implied discount factor is high, 8 = 0.997. We verify that
the paths satisfy 73 > 0 and r; > % for all dates, confirming that the reform achieves a
robust Pareto improvement. The reform raises public debt to 50% of output in the new
steady state and the path of debt adjusts gradually over time. A complete list of parameters

and transition paths for selected aggregates are provided in Appendix B.

Results. The reform raises welfare by 1.7% in consumption-equivalent units under the

utilitarian criterion. Under utilitarian aggregation, nearly all of the gains—about 82.8% —
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Figure 7: WELFARE DECOMPOSITION BY ASSET QUINTILE
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Notes: This figure presents the welfare decomposition by asset quintile for the alternative calibration that
generates a robust Pareto improvement as in Aguiar et al. (2024). The contributions of redistribution,
goods-related efficiency (intertemporal smoothing), and insurance across the wealth distribution are shown,
together with the total welfare effect under the reform.

come from insurance, with a small 16.8% contribution from intertemporal smoothing, and a
negligible 0.4% from redistribution. The dominant role of insurance reflects the permanent
gains in risk sharing, amplified by the high value of 3.

Figure 7 reports the individual-level decomposition across households grouped by initial
wealth, as in the previous section. Consistent with the definition of a robust Pareto im-
provement, all households experience positive welfare gains (black line). Decomposing these
gains shows that insurance and efficiency components dominate across the distribution. Re-
distribution is small but positive for two groups: households near the borrowing constraint
(who value transfers more highly) and high-wealth households (who benefit from the higher

returns).

7 Conclusion

Our welfare decomposition for heterogeneous-agent economies separates the effects of policy
reforms into redistribution and various components of efficiency. By associating each feasible
allocation with a vector of Pareto—Negishi weights, we capture implicit inequality and deduce
a collection of wedges that capture distortions in production, allocation, and risk sharing.

Our decomposition respects Pareto-consistency, in the sense that it detects efficiency losses
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only when the reform moves inside the Pareto frontier. It is also invariant to the choice
of numeraire. It features a notion of redistribution that is connected to changes in real
disposable income. Widely used alternative decompositions generally fail these Pareto-
based requirements, depend on arbitrary normalizations, and consequently can blur the
line between redistribution and efficiency. Two quantitative applications illustrate how our

framework can be applied.
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Appendix

A Proofs for Section 3, 4, and 5

In this section, we provide the proofs for the propositions and theorems in the main text.

A.1 Proofs for Section 3

We begin by noting some useful properties of V;(p, y) as defined in (4), when p; > 0 for all .
Strict concavity and strict monotonicity of the utility function implies that V;(p, y) is strictly
concave in y. As u; is twice continuously differentiable, V;(p,y) is also twice continuously

differentiable in y for all y > 0 with derivative equal to

Ui (xi(p,y)) }

Viy(0,y :max{
) = mae {

(29)

where x;(p, y) is the Marshallian demand function for consumer i at prices p and income y.
Next, the following lemma documents the properties of the Lagrange multipliers P asso-

ciated with Pareto optimal allocations.

Lemma 5. Let a € Ri be a vector of Pareto weights. There exists a unique Pareto optimal
allocation x that solves (1) for Pareto weights a. If Xj > 0 for all k then there exists a
unique set of Lagrange multipliers P € Ri{ on the resource constraint Y x; < Xj, and

mapping o — P(a) is continuous at «.

Proof. For a given «, strict concavity of u; and convexity of the production set ) imply
that the objective function is strictly concave and the feasible set is convex.26 Hence, the
maximization problem (1) features a unique solution (z, X).

Let P be a vector of Lagrange multipliers on the resource constraint ), x; ;, < X}, and
tik be the Lagrange multipliers on the non-negativity constraints x;j; > 0. The Karush—
Kuhn—Tucker conditions for the Pareto optimization problem with respect to consumption
Z; ) are

i (i) = P — i (Vi k)

where p; > 0 and p; ;) = 0.

26Tf av; = 0 for some 4, the objective function is not strictly concave in x;. However, since u; does not enter
the objective, the planner is indifferent over x; and optimally sets x; , = 0 for all k£ to relax the resource
constraints. The problem then reduces to maximizing over {x;};»;, and the objective function is strictly
concave in these remaining variables.
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From these conditions, we have P, = ayu; (i) + pi k. > oy () for all i, with equality
if z;, > 0. As X} > 0 there must exist at least one 7 such that the equality holds. Thus,

the vector of Lagrange multipliers P must satisfy
Pr = max {aiuik(zi)}, (30)

which implies that P is uniquely determined. That w;(x;) > 0 for all 4,k implies that
Pr > 0 for all k.

To establish continuity, note that the Theorem of the Maximum implies that the set
of optimizers is upper-hemicontinuous in «. Since the solution (z(a), X (a)) is unique, the
mapping a — z(«) is continuous. The function o — a;u; i (5(x)) is continuous because u;
is continuously differentiable. Since Py(«) is the maximum of a finite number of continuous

functions, P(«) is continuous. O

When X}, = 0 for some k, the Lagrange multipliers Py are not uniquely determined. In
this case, we set Py as smallest possible value, which is given by (30). This guarantees a
mapping o — P(«a) that is continuous for all o € RL.

Next, we prove Lemma 1.

A.1.1 Proof of Lemma 1

Proof. Let x be a Pareto optimal allocation that solves (1) for Pareto weights . Let P € RX
be the vector of Lagrange multipliers on the resource constraints ) _, Z; ;, = X k. We will prove

the Lemma for p = P, but the proof follows for any p o P. Define individual and aggregate

Vi = peTik, Y= v
k i

We prove parts (i)—(iii) directly.

incomes by

(i) Y = Y™ s in equation (5). Concavity of the utility functions and convexity of
the production set implies that the maximization problem (1) features strong duality?’, so

Problem (1) is equivalent to solving (2) which implies that X solves

max kak'
Xey zk:

Thus >, pp Xk = max gy kaka =: Y and since Y = ), pp Xy, we obtain Y =

27Slater’s condition is satisfied since 0 € V.
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Ymax.
(1it) x; solves (4) with Viy(p,yi) = 1/ay if yi > 0 and Viy(p,yi) < 1/oy if yi = 0.
Consider consumer i’s problem (4) at prices p and income y;. Let )\; be the Lagrange

multiplier on the budget constraint. The consumer’s first-order-conditions are

uz,k(iz) = )\ipk — ik (Vi, k), and Zpki'i,k =Y if Az’ > O, and Tik = 0 if Nk > 0. (31)
k

The planner’s first-order-conditions for (1) give ogu;k(x;) = pr — pig for all 4,k. This

implies that the equation (31) is satisfied by Z; = x; and A\; = 1/ay and ;= p; i/ as

> PeTik = yi. Therefore z; solves the consumer problem (4) at prices p and income y;.

For interior solutions, i.e. ;5 > 0 for all £ we have that a;u;(z;) = pr which guarantees

(7).

The envelope theorem implies that

1 .
‘/i,y(pa y’L) = )\2 = (VZ),

(]
if y; > 0. When y; = 0 we have x; = 0. Equation (29) implies
Viy(p, 0) = max{u; (0)/px}-

Hik
Q; Pk

The planner’s first order conditions guarantee that w; (0)/pr = 1/c; — which implies
that V; ,(p,0) < 1/a;.

(i) y solves (6). The Karush-Kuhn—Tucker conditions for the income-allocation problem
(6) read o;V; y(p, yi) = A —; for some multiplier Aon ), ; <Y and §; > 0 on g; > 0. This
is satisfied by §; = y; with A = 1 since if y; > 0 V; 4(p,yi) = 1/c; and §; = 0 and if y; = 0
then a; Vi (p,yi) < 150 6; > 0. Therefore, y satisfies the Karush-Kuhn-Tucker system and

hence solves (6). O

A.1.2 Proof of Lemma 2

Proof. Let x be an interior Pareto optimal allocation and define «; o ui71(:vi)_1 as the
associated Pareto-Negishi weights, normalized so that ) . o; = 1. The proof of Lemma 1
establishes that « satisfies (8).

To establish uniqueness, suppose by contradiction that there exists o’ # a with >, o} =
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1 also satisfying
-1
o) = Vi (P('), 325 Pr(@)in)
K3 1
Zj V}Q(P(a’), Dk Pk(a/)l‘j,k)

Let 2’ denote the Pareto optimal allocation associated with weights o, and let p’ := P(a/).

Since o/ # a and preferences are strictly concave and the solutions are interior we have
' # .

Because both z and 2’ are Pareto optimal, neither strictly dominates the other. There-
fore, there exist consumer j such that u;j(z;) > u;(2}). As 2’ solves consumer j’s utility max-
imization problem with prices p" and income y := >, pja’ ., the fact that u;(z;) > u;(z})

implies that x; violates consumer j’s budget constraint:
D Pk > ) Pk
k k
Meanwhile, aggregate output X' := > r, maximizes aggregate income >k pij(k over )

/ / !
E PrTik < § DTy k-

Combining these two inequalities, there must exist some consumer j’ for whom

/ / !
k k

which implies that

Define incomes y; := 7, ppair and y; := >, ppa; ;.. By strict concavity of utility, the
marginal utility of income V; ,(p,y) is strictly decreasing in y. As y; > y; and y; < y;-,, we
have

Vig@,ui) ™ > Vi u))™" and Vi, (0, yp) ™" < Viry (0, 05) "

Taking ratios yields
Vi@, y;) ! Vj,y(pcyé')il

V}",y(p/:yj’)_l ij',y(p,vy;/)_l.

By the fixed point equation, the left-hand side equals o/;/a’,. Since o’ are the Pareto-
Negishi weights for allocation 2/, we have o} oc V;,(p/,y})~!, so the right-hand side also

equals o’;/a’,,. This is a contradiction. O
3/ Y

For non-interior allocation, there will be multiple solutions to the fixed point equation (8)

only if there are multiple Pareto—Negishi weights associated with the same Pareto optimal
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allocation. We provide a selection criterion when we discuss the uniqueness of the coordinate

system below.

A.1.3 Proof of Lemma 3

Proof. Let x be any feasible interior allocation, i.e., z; ;, > 0 for all 7, k. Our first claim is that
there exists a fixed point to the non-linear equation (8). Let B = {a € [0,1]7 : 3", a; = 1}
be the set of PN weights normalized to sum to 1. Define the function f : B — B by its i-th

component:

_ Viy(P(&), 3y Pre(@zin)
> Vig(P(@), 3o) Pr(@)zjn) 1

Our assumptions on u guarantee that V;, > 0 and Lemma 5 implies Py («) > 0, which implies

fi(@)

that f(&) is a well-defined mapping from B to itself. Furthermore, as P(&) is continuous from
Lemma 5, f(&) is continuous. The Brouwer fixed point theorem implies that there exists a

fixed point « of f which satisfies (8). Given «, both £ and 7 are uniquely determined by

>k Pr(a) Xy

E=1- =
max g ¢y, Y, Pr(e) X

)

and
_ Pi(a) ug (i)
Tik =
’ Pr(a) ui1(x;)

Let p = vP(a) for some v > 0 be any price vector such that p oc P(cv). Let y; = >, pui

be the income of consumer i and Y = ), y; be the aggregate income. Then

prwia(z)  Prla) uga(zs)

pruig(@s) _ Pule) uiglz:) _
—1+m

and

Y o Xk Pe@Xe e
Yma‘”(p) maXXEy kaka max)zey Zk Pk(oz)Xk ’

so ¢ and 7 satisfy (10) and (12).

The first-order conditions of the income-allocation problem (11), assuming the non-

negativity constraints don’t bind, are
ai%,y(pv gz) =A. (32)

The properties of the indirect utility function imply that V;(p, 5;) = Vi(P(«), 3;/7) which
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implies that
. 1 .
Viy(®, i) = ;Vi,y(P(O‘)ayi/V)a

so (32) is satisfied by §; = y; = v Pr(a)z; ; with

1
A= .
22 Vig(P(a), > 2k Pr(a)zjf) !
Therefore, {y;} satisfies the Karush-Kuhn-Tucker system and hence solves (11). O

The same steps can be used when x is not interior, i.e. x;; = 0 for some i,k. At
which point the allocation distortions are defined up to a set because of the non-negativity

constraints:

T - P1(a) wig(xs) + pik
ik = —1
’ Pr(a) wii(zi) + pin

Mike = 0, i i g = 0} :

We select a unique 7;  from T; ;. by choosing the smallest distortion 7; ; = argminzer, , |7].

A.1.4 Coordinate system uniqueness

In this section we provide sufficient conditions such that for each (a,t) there is a unique z
as well as discussing the selection criterion when there exist multiple solutions to the fixed
point equation (8). We begin with conditions that guarantee that for each («,t) there is a

unique x.

Lemma 6. Let x;(q,m) be the Marshallian demand function for consumer i. Suppose that

forall p,q € RL and m € Ry individual demand satisfies

Oxm

then every (a,t) has a unique x.

Proof. Strict concavity of the utility function implies that V;(p, y) is strictly concave in y and
the Marshallian demand correspondence is single-valued and continuous. For an arbitrary
(o, &,7) define Y = (1 — &)Y (p) and p = P(«). Strict concavity of V;(p,y) in y implies

that the income-allocation problem (6) has a unique solution y;.
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We are searching for an allocation x that solves the following system of equations:

Zpkﬂcz‘,k =Y
k

1y = PLUAT) T pik gy
Pk Uz1($z) + 11

where p; 1, > 0 and p; 1x;r = 0. This is equivalent to finding a vector of incomes m; such

that

> pixi(gimi) = yi.

k
where ¢;, = pr(l + 7;1) and setting z; = x;(¢;, m;). Holding fixed p,¢; let y;(m) :=
> i Pixi(gi, m). Continuity of x; and (33) imply that y; is continuous and strictly increasing
in m. By construction lim,, oy;(m) = 0 and lim,,,~ y;(m) = oco. By the intermediate
value theorem, there exists a unique m; such that y;(m;) = y;. Setting x; = x;(¢;, m;) yields

a unique allocation x that solves the system of equations. O

Condition (33) is sufficient to guarantee that for each (a,t) there is a unique z. We can

guarantee that this condition holds if all goods are normal since then g:é > 0.

When there are multiple solutions to the fixed point equation (8), we apply the following
selection criterion. For the status quo allocation z*, we choose the solution o* that minimizes
the efficiency loss W(a*,0) — W(a*, t*). When each Pareto-efficient allocation corresponds
to a unique vector of Pareto—Negishi weights (up to normalization), this criterion uniquely
determines a*. For non-interior allocations, multiple Pareto—Negishi weights may correspond
to the same point on the Pareto frontier; in this case, we select the weights closest to the
welfare weights @ in Euclidean norm. For the reform allocation x**, we select the solution

o™ that is closest to * in Euclidean norm.

A.1.5 Proof of Lemma 4

Proof. Fix PN weights « and let t = (£, 7) denote distortions that satisfy £ € [0, 1]. Without
loss of generality let p = P(«), the case with p oc P(«) is identical. Define

¥ = X(a,0), 2% :=X(a,t), y:= Zpka::k, Y= Zpkﬁf,;.
k k

Let Y* := >, y7 and Y™ := > . y**. By construction of the coordinates, z* maximizes

output at prices p so Y* = Y™ For x**, the production wedge equals £ > 0, so Y** =
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(1 . g)ymam S Yma:r — Y*

Given prices p and PN weights «, the income distributions y* and y** solve, respectively,
y eargmaxy aVi(p,Gi) sty 5=
(2 (2

y** € arg rgggzai%(p,ﬂi) st =YY"
- 7 i

where V; is the indirect utility in (4). The first-order-conditions imply o;V; ,(p, 7;) = A* for
some multiplier A, and similarly for y**. As V; is strictly concave there is a unique solution
for each Y. Increasing income Y relaxes the constraint and therefore Y* > Y™** implies
A* < A**, and thus

y; - <wy; for alli.

That 7 = 0 implies that z* solves the consumer problem (4) at prices p and income y;. This

implies that u;(27) = Vi(p,y;). As >y peajy, = yi™, oi”

** is feasible for (p,y*™*), and we must

have that u;(z}*) < Vi(p,y*). Because Vj is strictly increasing in income and y* < y¥, we
have for each 4,

ui(zi) = Vilp,yi) = Vilp,yi™) > wi(x]™).

Multiplying by positive welfare weights &; and summing over ¢ yields

W(a,0) = Zdiui(x;‘) > Zdiui@f*) = W(a,t).

A.1.6 Proof of Proposition 1

Proof. We prove each property independently. We’ll state the proof assuming there are
unique solutions to the fixed point equation (8). The case where there are multiple solutions

follows analogously using the selection criterion in footnote 5.

(i) Let * and z** lie on the Pareto frontier and let o* = «a(z*) and o™ = a(z™).
Lemma 2 guarantees that z* = X' (a*,0) and 2™ = X (a™*,0). By definition of the
Shapley-based efficiency component,

E(z*,2*) = £ [W(a*,0) — W(a*,0)] + 1 [W(a™,0) — W(a™,0)] = 0.

N[

Hence movements along the Pareto frontier are attributed purely to redistribution.
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(i)

(iii)

We prove the case when z* is Pareto efficient and z** is not; the other case is analogous.

Let o = a(z*), o = a(2™) and t** = t(z**), then by construction we have that
" = X(a",0), =X (™).
By the Shapley definition,
E(z*, ™) = L W(a*, ) = W(a*,0)] + 3 [W(a™,t) = W(a™,0)].  (34)

Lemma 4 implies that both terms are weakly negative, so E(z*, 2**) < 0.

To show that the inequality is strict when @&; > 0 for all ¢, we need to show that the

second bracket is strictly negative. Let

xx, PO ,__ *% *k *% *k Kok kok *%, PO __ o K%, PO
PO =X(a™,0), pT=Pla™), yr =) pialn 0 =D el
k k

By construction, we have that ) y* = (1 — &*)Y™mer Jymer = %° y;‘*’PO. Strict
concavity of Vi(p,y) in y implies that a weakly tighter resource constraint in the
income-allocation problem yields y;™* < y: “PO for all 4. Optimality of V; implies that
ui(z}*) < Vi(p™,y;™) since >y praiy, = > pi @i, = ;. Chaining these inequalities
yields

ui(2]") < Vi, ui) < Vil ") = wia10),

(2 K3

for all 4. Since 2™* is not Pareto optimal, there exists at least one j with u;(z}*) <
u;j (x;*’PO) and thus

> aui(a) <Y agui(at"9),
% [
hence W(a™*, t**) — W(a**,0) < 0.

Invariance to price normalization follows directly from the proof of Lemma 3. The
construction of «a(x),&(x),7(x) only depends on P(a(x)), and thus are invariant to
any rescaling of prices. Changing the numeraire requires choosing a different good [ to
set 7;; = 0. Suppose instead we set 7;; = 0 for some [ then the distortions 7; ;, would

be given by
P Wik (2:)

L+ Tk =
P i ()

. i,k

Let X(a,£,7) be the allocation implied by the new numeraire good ! and distortions
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7. By construction,

1 1+7
tT koand 1 +Tik = + Tik

147y = lisk
o 1+ Til L+ 7

which implies that /'?(a, §7)=X(o, &) if 1+ 71 = 147, *Vi, k. Thus the decompo-

1+T l
sition is invariant to the numeraire choice.

(iv) Reflexivity. By definition of the Shapley terms,

E(z™,2%) = 3 [W(@™, 1) = W(a™, )] + L [W(a*, 1) = W(a*, )]

= — E(z*, 2™").

The same antisymmetry holds for R. Since W (z**) — W (z*) = R(z*, 2**) + E(z*, ™),

dividing by W (z**) — W (z*) yields

R(z*, z**) B R(x**, x*) E(z*, z**)

*

W(x*) — W(z*) Wiz
(v) Resource-based redistribution: o is defined by the fixed point

V(P 5 Pala)ag)
b Zj Viy(P(a), 22k sz(a*)f;k)*l.

)

As p* o P(a”), we have that >, pra;, = > ) ppo) implies
> Prlat)al, =Y Pr(af)zf;.
k k

Hence, o solves
 Vig(Pe), Sy Pila)ag)
b Vig(Pla®), 2oy Pr(a)ziy) Y

(07

which, by the selection procedure in footnote 5, implies that o**

R(z*,z**) = 0.

A.1.7 Relating £ to Debreu’s coefficient of resource utilization

)W) W) - W) Wz

*

) = W)

= o* and thus

In this section we establish the relationship between the index £ and Debreu’s coefficient

of resource utilization p. We then construct an alternative welfare decomposition based on
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Debreu’s coefficient of resource utilization.

We now establish that, under appropriate conditions, the index 1 — £ coincides with
Debreu’s coefficient of resource utilization (Debreu, 1951).

Consider an economy with production possibilities described by F(X — E) < 0, where

X =), z; is aggregate consumption and F is the endowment vector. Suppose that:
(a) The production function F is constant returns to scale (CRS)

(b) The relative Lagrange multipliers Pi(a; E)/P1(c; E) are independent of both a and

E. Let p denote the common prices when p; = 1.
(c) The allocation wedges vanish: 7 = 0.

Proposition 3. Under conditions (a)—-(c), the index 1 — & equals Debreu’s coefficient of

resource utilization p.

Proof. Let = be a feasible allocation with aggregate consumption X = ) . x; satisfying
F(X—E®) <0, where EV is the initial endowment. Define individual incomes y; = >k PkTik
and aggregate income Y = > y; = >, ppXp.

By CRS, the maximum aggregate income satisfies

ymax(go0y = max W X = WEY
(&) X;F(X—EO)SO;p ;p b

where the second equality follows from the CRS assumption. Thus, by definition of &:

Y kX
ymax(E0) 3, prEp

1-¢

Since 7 = 0, Lemma 3 implies that each agent’s consumption bundle z; solves the utility

maximization problem (4) at prices p and income y;. Therefore,
ui(@i) = Vi(p, yi)-
Following Debreu (1951), define the set of minimal endowments as
gmin — {E : 3% with u () > wi(x;) Vi, F(Z T — E> <0, and F is minimal} .
i

An endowment E is minimal if there is no £’ < E with E' # E that also supports such an

allocation.
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Consider any E € ™", There exists a Pareto-efficient allocation 27’ for the econ-
omy with endowment E such that uz(:rf 0y > u;(x;) for all 7. Since the relative Lagrange

multipliers Py (c; E)/P1(a; E) are independent of o and E, Lemma 1 implies
k

xFO

The constraint w;(z;

) > ui(z;) = Vi(p,y;) and the monotonicity of V; in income imply

DULED SIRE
7 %
By CRS, the Pareto-efficient allocation satisfies ) ka,fO = > . PkE), and since ), ka,fO

>, yPO, we have
Y omEr=Y 49>V =) pX;.
f i k

Minimality of E requires this inequality to bind, so >, prEj = > pr-Xg. Conversely, any
E with >, prEr = >, pe Xk, and F(X — E) < 0 belongs to E™™ (the original allocation z

itself is feasible and delivers the required utilities). Therefore,

Emin — {E : ZpkEk = Zkak} .
k k
Debreu’s coefficient of resource utilization is

douPkEr DXk

yPO > y; for all 4. Hence,

p = max = =1-¢
peemin 37 prEy 3o prER 7
where the second equality uses the characterization of £™" above. O

A.2 Alternative decompositions

In this section, we consider alternative global decompositions of the welfare change based
on the (a,t) coordinates. First, we present an additive version of the decomposition. Next,
we present a decomposition based on integrating marginal contributions. Third, we present
an alternative decomposition based on Debreu’s coefficient of resource utilization. Finally,

in Appendix B.7 we compare the decompositions in our calibrated examples.
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A.2.1 Additive decomposition

In this section we present an additive version of the decomposition. For a given status quo

allocation z* and a reform allocation x™*, we can write the welfare change as

W (™) — W(z*) = W(a™, ) — W(a*, t*)
= (W™, 1) — W(a™,0) + W(a™,0)) — (W(a*, ) — W(a*,0) + W(a*,0)).
— (W(a*,0) — W(a*, 1) + V(a™,0) — W(a*,0)) + OV(a™, 1) — W(a™,0)).

The transition from z* to 2** can be thought of as arising from 3 steps. First, a transition

from (a*,t*) to (a*,0) which confers a welfare gain from improving efficiency. We let
L(z") =W(a",0) = W(a", t%)

denote the efficiency gain in utils of this transition, which can be interpreted as the losses
from distortions associated with the point z*. Second, a transition along the Pareto frontier
from (a*,0) to (o**,0) which confers a welfare change from redistribution. Finally, a transi-
tion from (a**,0) to (o™, t**) which confers a welfare loss £(2**) from worsening efficiency.

Grouping these terms together, we get the following decomposition:

W) = W(a®) = Wa™,0) - W(a",0) + £() ~ £(a™). (35)

Radd($*7z**) Eadd($*7z**)

In addition to the properties of Proposition 1, the additive decomposition satisfies the fol-

lowing additive property

Lemma 7. Let x*, ™, and £™* be three feasible allocations. Then

Radd(l'*,.%'**) + Radd($**,$***) _ Radd(x*7 x***>7

Eadd<x* 1'**> + Eadd(x** 1'***) _ Eadd([l}* w***)
Proof. The proof follows directly from the construction of the decomposition

Radd(ib'*,.%'**) + Radd(x**,m***) _ (W((X**,O) o W(Q*,O)) + (W(OL***,O) - W(a**,O))
= W(a™,0) = W(a",0))

— Radd(x*7 IE***)
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Similarly,

Eadd<x*7w**) + Eadd(l‘**,x***) — E($*) . [,(LL‘**) —I-,C(LL’**) _ E(l‘***)
= £(a) — L)

— Eadd(l‘*, CC***)
O

While this decomposition has the added feature of being additive, in practice it is not
as easy to implement as the Shapley-value-based decomposition. We therefore do not rec-

ommend it for practical applications unless additivity is a necessary property.

A.2.2 Decomposition based on integrating the marginal distribution

In this section we present an alternative global decomposition based on integrating marginal
contributions. For a given status quo allocation z* and a reform allocation x**, we assume
that this reform arises from a series of reforms, z(#), indexed by a perturbation parameter
0 € [0,1]. We assume that 2(0) = z* and z(1) = 2™*. Associated with each point z(f) is a
set of coordinates (a(6),t(0)). We can then construct a global decomposition by integrating

the marginal decomposition (14) along the path x(0):

dt

()0 (36)

1 1
R™AT9 (g% 4**) = / Wa(e)-%(e)da and  E™9(z* %) = / W, (0) -
0 0

By construction we have that W(x**) — W(z*) = R™¥9(z*,x**) + E™¥9(z*,2**). The

** and x*** are

marginal decomposition is also additive as long as all three points x*, x
along the same path x(0). This follows directly from the additive property of integration.
In cases where there is only one policy parameter, the marginal decomposition (36) may be
a natural choice. However, when there are multiple policy parameters, there will be multiple

possible paths () between z* and x**, and the choice of path will affect the decomposition.

A.2.3 Decomposition based on Debreu’s coefficient of resource utilization

Here we present an alternative welfare decomposition based on Debreu’s coefficient of re-

source utilization. We refer to this as the BEGS-Debreu decomposition as it is based on the

notion of “coefficient of resource utilization” introduced by Debreu (1959).2

28Recently, Baqaee and Burstein (2025) extend this idea to arbitrary consumption sets that can reflect
market incompleteness and other frictions.
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To capture a notion of efficiency, we follow Debreu (1959) and define the scaled produc-

tion set

Vip) ={pX : X €Y}

for p € [0,1]. The set Y(p) represents the production possibilities when a fraction (1 — p) of
resources is wasted.

For a given p, the utility possibility set U(p) is the set of utility vectors « achievable with
some allocation z satisfying >, x; € Y(p). The boundary of U(p) is the Pareto frontier for
technology Y(p). Our assumptions guarantee that U(p) is convex, compact, and continuous
in the Hausdorff metric. Moreover, U(p1) C U(p2) whenever p; < po.

For any feasible allocation = with utility vector @ (where #; = wu;(x;)), we define the
efficiency coefficient as

p(z) =inf{p:d cU(p)}.

By construction, p(z) is well-defined and @ lies on the boundary of U(p(x)). Thus @ is
Pareto efficient for the scaled technology Y(p(z)). We let w(x) denote the Pareto-Negishi
weights that rationalize @ on this frontier, normalized so that ) w;(z) = 1.

The pair (w, p) provides a coordinate system for utility vectors. Given an allocation x,
we map it to (w(z), p(x)). Conversely, given coordinates (w, p), we recover the utility vector
by solving

mﬁxzi:wiui(:ci) subject to Zzle € V(p)-

Let @(w, p) denote the utility vector that solves this problem. The associated social welfare

function is

Wi, p) = 3 aiis(w, ).
i
This coordinate system has the following useful property for a special class of preferences.

Definition 1 (Scale-affine preferences). Utilities {u;}/_; are scale-affine if there exist func-

tions A : (0,00) — (0,00) and B; : (0,00) — R such that, for all p > 0 and all x € R,

uilpe) = A(p) wi(x) + Bilp),
with the multiplicative term A(p) common across agents.

One can show that CRRA and CARA utilities over homogeneous aggregators are scale-

affine.
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Lemma 8 (Monotonicity). When u; are scale-affine, if x* Pareto dominates x**, then

p(x*) > p(x**). Moreover, welfare is increasing in p:
W(w,p) >W(w,p') forallp>p.

Proof. We start with the first claim. Let @* = (u;(z}))_; and @** = (u;(2*))L_; denote the
utility vectors associated with allocations z* and z**, and let p* = p(z*) and p** = p(x**).
By construction, @** lies on the boundary of U(p*™*). Since z* Pareto dominates x**, we
have w;(z}) > u;(x}*) for all 4, with at least one strict inequality. Therefore @* ¢ U(p**),
which implies p* > p**.

Next, we prove the second claim. The welfare function W(w, p) is defined by the maxi-

mization problem
W(w, p) = ngxz:wluz(il) subject to ij € V(p).
7 (2
Substituting Z; = pZ; and using the homogeneity of Y, this is equivalent to
a ;i (P, bject t £, € Y(1).
mjixzi:wluz(pavl) subject to zj:xz (1)

When utilities are scale-affine, u;(pZ;) = A(p)ui(&;) + Bi(p). Since A(p) > 0 is common

across agents, the maximizer #(w) is independent of p. Therefore,
Wi(w,p) = A(p) > witi(&:i(w)) + Y wiBi(p).
i i

Since A(p) is increasing in p, we conclude that WW(w, p) is increasing in p. O

The coordinate w captures redistribution through Pareto-Negishi weights, while p mea-
sures efficiency. We decompose the welfare change from x* to 2** using Shapley values. The

redistribution component is

RBEGS_Deb(l'*,fL'**) — %[W(W**,p*) _ W(w*,p*)] + [W(w**,p**) _ W(w*,p**)], (37)

N[

and the efficiency component is

EBEGS_Deb(CL'*,l‘**) — %[W(w*,p**) _ W(W*,p*)] + [W(w**,p**) _ W(W**,p*)] (38)

N[
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This yields the decomposition for the scale-affine class of preferences:
W(LU**) - W($*) _ RBEGsteb(l,*’ x**) + EBEGsteb(x*’x**)‘ (39)

Proposition 4. The decomposition (39) satisfies:
(i) If x* and =** are both on the Pareto frontier given by Y, then EBFGS=Deb(gx g%y — (),

(i) If x* is on the Pareto frontier but x** is not, then EBFGS=Deb(gx %%y < 0. [If 2** is
on the Pareto frontier but x* is not, then EBFGS=Deb(g* 2%y > (0. When all social

welfare weights &; are strictly positive, these inequalities are strict.

(iii) The decomposition is symmetric: the share attributed to redistribution (or efficiency)

is unchanged when reversing the direction of the reform,

RBEG,SfDeb( ) _ RBEGsteb(x**’x*) EBE'GS?Deb(x*’x**> _ EBE'GS?Deb(x**"x*)

.Z'*, ¥

W(z™) = W(z*) — W(z*) = W(z*) W(z™) = W(z*) — W) —W(a™)
Proof. We prove each property in turn:

(i) If 2* and 2** are both on the Pareto frontier of ), then by definition p(z*) = p(z**) =
1. Substituting p* = p** into the expression for EBFGS=Deb (g% 2%} in equation (38)

yields EBEGS=Deb(gx x4y = (.

(ii) If 2* is on the Pareto frontier, p* = 1. If ™ is not, then z** lies in the interior of
the feasible set (or can be improved upon), implying p** < 1. By Lemma 8, W(w, p)
is increasing in p. Therefore, W(w*, p™*) < W(w*, p*) and W(w**, p*™*) < W(w**, p*).

Substituting these terms into equation (38) implies EBEGS=Deb(g* 2+) < 0.

If all welfare weights a; are strictly positive, then W(w, p) is strictly increasing in p,
so the inequality becomes strict. The reverse case where x** is on the frontier follows

symmetrically.

(iii) From the definition,

EBEGS—Deb(x**’ ZE*) %[W(W**,p*) . W(W**,p**)] + %[W(w*,p*) o W(w*, p**)]

EBEGS_DEb(:E**,CC*) — —EBEGS_Deb(LE*,QS**). Similarly,

Rearranging terms shows
RBEGsteb(x**,x*) _ _RBEGSfDeb(l.*’x**) and W(.%'*) _ W([E**) — —(W(.%'**) _

W (x*)). Taking ratios establishes the result.
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O

One property this decomposition does not satisfy is the income-based redistribution prop-
erty because the coordinate system is based on utilities rather than income. To illustrate,
consider again the economy in Example 6 with two agents and idiosyncratic risk. As we
noted in that discussion, the income-based redistribution property requires all welfare gains
to be attributed to efficiency, so that our decomposition finds R(z*, z**) = 0.

However, the decomposition (39) assigns some welfare gains to redistribution. The reform
increases agent 2’s utility while leaving agent 1’s utility unchanged, causing the Pareto—
Negishi weights to shift: wa(x**) > wa(x*). In fact, the redistribution component can range
from arbitrarily small to all of the welfare gain.

To see this concretely, assume log utility and let ¢; = K be agent 1’s allocation and
ca2(s) be agent 2’s state-contingent allocation, normalized so that > Pr(s)ca(s) = 1 and
total consumption is C' = K + 1. Let c5° denote agent 2’s certainty equivalent, defined by
In(c5?) = >, Pr(s)In(c2(s)). The Debreu coordinates are

K +cff K cse

p_ K+1’ W1:K+C§e’ w2:K+C§ea

and utilities become @;(w, p) = In(w;) + In(p) + In(C). A reform that reduces agent 2’s risk
implies ¢§° > 0, with utility changes 41 = 0 and 1y = ¢§°/c¢§°. For Pareto weights &;, the

welfare change decomposes as

W = aQC—Se = ﬁcge + aplnwq iaglnwg . (40)
R

E

As K — oo, E — 0 and redistribution accounts for 100% of the welfare gain. As @y — 0,
W — 0 while E > 0, so efficiency accounts for +00% and redistribution for —oc%.

The same result holds for Example 1. For ease of exposition, assume log-log preferences
u; = In(¢;) + In(¢;). Agent 1 has K units of effective leisure; agent 2 has one unit and faces
labor tax 7 with lump-sum rebate. The aggregate resource constraint is C + L < K + 1.
Agent 1 optimally sets ¢; = ¢ = K/2; agent 2’s equilibrium is ¢ = 1/(2 — 7) and {3 =
(1-7)/@2-7).

To map this to Debreu coordinates, observe that on the Pareto frontier with efficiency
p allocations satisfy ¢; = ¢; = %xl where 21 + 22 < p(K + 1) with corresponding Pareto

weights w; o x;. The associated utilities are u; = 2 ln(%xi) which implies that the distorted
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allocations have the same utilities as an allocation on the Pareto frontier with 1 = K and
x2 = 2y/1 — 7/(2 — 7). Therefore, the Debreu coordinates are

K+.’L'2 K xTo
w1 = wo = .
K+1' ' Kaazy P Kt

p:

A tax reduction (7 < 0) starting from 7 > 0 yields Zo > 0, with utility changes 47 = 0 and

Uy = 2Z9/x9. The welfare decomposition is

. o Qg L L
W = 2a9— = 201 20001 ) 41
a2$2 K+x2+ aq nwl—{; azlnwy (41)
R
E

As before, K — oo implies redistribution accounts for 100%; as — 0 implies efficiency

accounts for +00% and redistribution for —oco%.

A.3 Separating insurance from aggregate and idiosyncratic risk

In this section we show how to decompose the insurance component into subcomponents
capturing insurance against aggregate and idiosyncratic risk. We assume that there are NV
physical goods and S = §%99 x S§%° states of nature so that K = N x S%9 x S e let
s; = (z, €;) represent the state of nature with z representing the aggregate state common to
all agents and ¢; representing the idiosyncratic state specific to agent i. Following Section 3.5,
we let z;,,(s;) be the allocation of good n to agent i in state s; = (z,¢€;), let py(s;) be the
price of good n in state s;, and let 7; ,(s;) be the tax on good n for agent ¢ in state s;. We let
Pr(s;) be the probability that state s; is realized and u;(x;) = ), Pr(s;) vi(wi(si), si) be the
expected utility of agent . Without loss of generality we can write Pr(s;) = Pr(z) Pr(e;|2).
We construct xms in the same way as in Section 3.5 by solving the optimization problem
nﬁxuz Z;) an (si)Zi(si) < an )zi(s;) for all n.
This allocation achieves the highest utility that agent ¢ can attain if they were able to freely
reallocate physical goods across all states of nature using the Arrow—Debreu state prices.
To separate insurance against aggregate and idiosyncratic risk, we construct the inter-

ns,z

mediate allocation $z as the solution to

max u;(Z;) g Pn(z,€6)Ti(2,€) < E pn(z,€)xi(z,€¢;) for all n and z.

T
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This allocation represents the best insurance that agent ¢ can obtain if they are only allowed
to reallocate their income across idiosyncratic states of nature conditional on the aggregate
state z.

With the wedges 7' and T”LS( ;) defined as in Section 3.5, we can decompose the

insurance wedge into aggregate and idiosyncratic components:

Lins (g — Vi (2i(si), 8i) /via (i(1),1)
T ) = i ), ) (e (1), 1)
_ Vi (@7 (50), 53) v (@7 (1), 1) o Vin(2i(80), 80) /via (:(1),1)
Vg n(xn (54), 51)/7’1 1(w Zns(l)vl) Uzn($lnsz(8) Sz)/Uz 1( msz(l),l)
1+TZZS’Z (2) 1—1—7';7:: i (2,¢)

ins,z

In this construction, 7 captures insurance imperfections against aggregate risk, mea-

sured by deviations in the marginal rates of substitution of the partial insurance allocation

xznsz relative to the numeraire across states from full insurance. The term 7€ captures

insurance imperfections against idiosyncratic risk, measured by deviations in the marginal

rates of substitution of the actual allocation x; relative to the partial insurance allocation
ins,z

€

This approach expresses welfare W () in coordinates (a, &, 79, 7"%) where 7' is summa-

ins,z NS, €;

rized by (797, 7"%<). By computing the Shapley value contributions of 7 and 7
to the insurance component E* we obtain the term E*? that captures inefficiencies in
insurance against aggregate risk and a term E™¢ that captures inefficiencies in providing

insurance against idiosyncratic risk. This extends (19) to

W($**) o W(.’E*) _ R(.’E*,{L‘**) + EPT(IE*,ZE**) + Eg(l’*,x**) + Eins’Z(ZE*,ZE**) + Eins’ei(fE*,.’E**).
(42)

A.4 Proofs for Section 4

A.4.1 Proof of Proposition 2

We begin by stating a more general result. When P(«) is non-degenerate, an arbitrary per-
turbation of the policy (G, T, 7,<) will be associated with a change in the implied PN weights
& and thus a change in relative prices p. To interpret our decomposition, we distinguish
between real and nominal changes in policy. Since price changes result from the implied
change in PN weights &, nominal effects are isolated to the redistribution component, while

real effects are captured by the productive and allocative efficiency components.
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A given change in policy (G, 1,7, ¢) will be associated with a change in net surplus S,

We define the surplus-to-GDP ratio as § = ﬁ and the real change in net surplus
=S Z prAk (43)
k

as the change in net surplus that would result if the ratio of surplus to GDP changed while
prices were held constant.

We let z7°* = x; —a; be the net consumption of agent 7 given their initial endowments a;.
Net consumption is funded by net transfers T*** from the government: 77" = %", ppal®.
We define the real change in net transfers as the real component of nominal change in net

transfers:

Tnet ,r Tnet Z P xnet Z p]):;ji,ka (44)
k

where the last equality follows from the fact that a; = 0 for all 4, k since endowments are
fixed.

As we are focused on the local decomposition around z* we will assume that all coor-
dinates a(z),{(z), 7(x) are locally differentiable at x*, as well as the pricing kernel P(«).
Furthermore, we will assume that the Marshallian demand functions are locally differen-
tiable at (g, m;) for all i where ¢ = pi, (1 +7/;) and m; = 7, ¢;,27,. Finally, we
will assume that all goods are normal goods so as to satisfy the assumptions of Lemma 6.
Finally, we assume that the income distribution is non-degenerate so that mjk, > 0 for some
k for all <. With these assumptions, we can then express our decomposition locally in terms

of the change in these real quantities.

* % axzk

Proposition 5. Let n;, U5, w; be defined as n; = kakTZk o Uip = > AT ZESTISY

and w; = %, where derivatives of V; are evaluated at (p*,y). Then IAQ, IAEW, Eal

in decomposition (17) satisfy
R - z (2007 = &4 3 ).
i - k
Epr’fzal wlST IAEal:Z—. Wi 1 Zﬁ In( 1+le)
[

where S is defined in (43) and T;*"" is defined in (44).

Proof. For a given allocation z with coordinates (o, &,7), let p(a) € RE+ be such that
p(a) « P(a) with the normalization p1(a) = 1. Define after-tax prices and individual
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incomes by
Gielon ) =1 +7)pe(a),  mi(e&,7) = qirla, 7) Xip(e, &, 7).
k

Let x;(g¢, m) be Marshallian demand functions. By construction, x;(g;(«, 7), m;(a, &, 7)) =

X(a, &, 7) for all 4, which implies that individual incomes m;(«,§, 7) are characterized by
Zpk: Q) X; k C_h @ 7-) ml(a 57 )) = yl(aag) (45)

Here, y(a, §) is the distribution of income net of taxes chosen by the planner with PN weights
a and aggregate resources (1 — &)Y (p(«)):

yla, &) € argmaxZa, i ),Ti) st Zyz = Y (p(ar)). (46)
Social welfare can be written as

04 fa Zaz QZ «, T mi<a7§77—))' (47)

All derivatives below are evaluated at the baseline (a*, £*, 7%); we use p* := p(a*), and write
Usg,1 for u%l(x:)
We start with the aggregate efficiency term (derivative w.r.t. ). By construction & =

—S&. Differentiating (47) and using the envelope property of V; in m yields

Omz
§ a; Vi im E azuzl

To obtain dm;/9¢, differentiate (45) (noting that ¢; does not change with &):

Z 8sz amz A o 8%5

i,k

* 0. i . . *
Let 1 —n; := > . p; 82: (equivalently, n; = kalekam using Yy 47 Oxik/Om; = 1).
From (46), Oys /06 € = Y™ €, where w; = (Viy/Vigy) | 5 (Vi/Vigy)- Hence

max,*
om; o —wYmenr .

73 <= 1—n
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which implies

A Ui 1 ~
max,* _ — 1, T
—wiY f) = E Q; 1 w;S",

— 1l

ow _ U
AP .

7 7
This yields the productive-efficiency term EP" in the statement.

Next, we turn to the allocative efficiency term (derivative w.r.t. 7). Differentiating (47)
8V1 —

and using Roy’s identity, &

%Zv-%zz%(ZV,qmpmk”;maan:'%")
- Zm(am’f 2_pi] i)

From differentiating (45) w.r.t. 7 and using (i) >4 4fy Oxik/0qip + 274 = 0, and (ii) the

—Vim@ik, gives

Slutsky decomposition 0x;;/0¢; 1 = Gxi’l/ﬁqi,k — (0x;,1/0Omy;) 7, one obtains

om; Ox§
(1—m) —5— o7 z—zpl zza kazk+ (1—m) Zpk%kﬂk

Therefore,
6ml 1 Tik
-7 x ¢ : = x ,
E:pk ik Tik = o 4 e Uig E TP Gk

)

where (1= (0x¢,/04; 1) (¢} . /xF,) is the compensated elasticity. Using V;,, = u;; and
In(1 +7ig) = 7i/(1+ 777) gives

87);\_/"71:207@'

219 i In( 1—1—7'”,3)

which is E*.
Finally, we turn to the Redistribution term (derivative w.r.t. «). Differentiating (47)

w.r.t. a (prices and incomes both move) and using Roy’s identity yields

oW .
%'dzzaz(ZV,qzk (1 70 B+ Vi 8 )

om; . N o
_ZO‘Z Zm( Z.Q—Z(1+Ti7k)mi7kpk>,
k
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where py = aa% - &. Differentiating (45) w.r.t. o and writing §; = >, (Pi@ik + *] 1Dk)

together with dy; /€ € = w;Y" gives

Z P

8X” (9771Z
8mZ Oa

~ ~net,r A1 net'r .
O(:Tl ’ —wiS, Zpkxlk

Proceeding as in the 7-derivative case, we obtain

8mi

(L= m) ot & =T — S+ Y pi 7
1,k

TPk (L =m) > (1 + 7755 Dre
k

Hence,

om; 1 - A Dk
Z.A—E:l Vot = ——— | T .8 E IS, —
5 & d (1 + 76 g D = ( ; w;S" + d ik D

Using V; m = ;1 then yields
o 0= L w1 -+ S ).
Z
k

which is R as stated. Collecting the three derivatives gives the proposition. O

The terms in Proposition 5 have the same interpretation as the terms in Proposition
2, except that they now refer to real quantities. The production efficiency term EP" arises
from the change in real surplus, 5”", induced by the change in the surplus to GDP ratio S.
Consumer 4 gets an additional w; S in real income, but the net amount needs to be adjusted
by the fiscal externality and converted into utils to compute welfare. The redistribution
term arises from two terms. The first term captures welfare gains from changes in the real
net-transfers that depart from this rule. The second term captures the effect of changes in
the deadweight loss induced by changes in relative prices which are a result of changes in
inequality (as captured by the PN weights «). It follows the same structure as allocative
efficiency term in Proposition 2.

When P(«) is single-valued this last term vanishes and the real changes collapse to the

nominal changes giving us Proposition 2.
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A.4.2 Derivations for equations in Section 4.2

Here we provide additional details for the derivation of equation (25) and (27) in Section

4.2. We also derive the counterparts for the CARA economy later in this section.

Proof. Consider a single physical good (n = 1) indexed by idiosyncratic states s with prob-
abilities Pr(s). We normalize (n,s) = (1,1) as the numeraire. Let consumption be z; 1(s).

Preferences are CRRA with coefficient o > 0 so that

Z):Z:Pr( xzi—a ZPr g(xia(s)).

The technology is an endowment with feasibility >, E[x;1] < A;. In this environment the
efficient Arrow—Debreu prices equal probabilities, p1(s) = Pr(s), independently of a.
Represent any feasible allocation via the triplet (w, Z1,¢) defined by

= 1Bl wem et = B g =,

Equivalently, z;1(s) = w; Z1 €;(s). The mapping between (o, &, 7) and (w, Z1,€) is one-to-
one for each variable: (a) { =1 — % from feasibility; (b) with CRRA, Vi(p,y) = k(p) i

l—0o

—0

so Viy o< y~? and hence o; x yf = (E[x;1])7 oc w; (c) wedges satisfy

1+ Ti(s) =

pi(1) Pr(s)zin(s) ™7 _ (())
p1(s) Pr(l)xm(l)—a ei(1) )

so wedges are equivalent to ;(s). As a result, linearizing welfare with respect to (a, &, 7) is
equivalent to linearizing with respect to (w, z1, ).
To obtain (25), write social welfare as W = >, a; E[g(x;1)]. Taking the first-order

(Gateaux) variation around a baseline allocation z7;(s) yields
W= Z a; [ Ti1) T lnxi,l} . (48)
With z; 1(s) = w;Z1€;(s) we have the identity

—_—

Inz;i(s) =Inz; + lnw; + Ing;(s).
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Substituting into (48) gives

W= Za, ;)T lnm—}-Za, 7 1)wi 1] Inw;
=: Epr =:R
Zaz x7q)wi Ingi(s)].
::Eins

—

Since w; = Elas1]/71, Inw; = In(Ex;1/71). When feasibility binds (17, = A,), Inz; = 0,
which yields (25).

Aggregate shocks. Now let the state s index aggregate shocks with physical probabilities
Pr(s). Feasibility holds state-by-state:

Z!Ezl ) < Ai(s) Vs,

and we write aggregate consumption in state s as Xi(s) := > . 2;1(s) (so in a pure endow-
ment economy, X1(s) = A;(s)).
Given homothetic preferences, the (efficient) Arrow—Debreu price vector is independent

of & up to normalization and can be taken as

pi(s) x Pr(s) Xi(s)™7

Normalize ) p1(s) = 1 and define the associated risk-neutral expectation E[Z] := > pi1(s) Z(s).

The (date-0) income of household i is its value at state prices:

Zpl zi1(s) =Ex; ;.

Represent any allocation by the triplet (w, INEil, ¢) defined by

1= Elz;] zia(s) =
== E|z;1], w; = ———, gi(s) = = , Elgl=1.
X Bl N a)= gt B

Equivalently, z;1(s) = w; (EZy) &4(s).
As in the idiosyncratic case, the Pareto—Negishi weights depend only on the (value)

incomes. With CRRA, V;(p,y) = k(p) Y7 g Viy <y~ 7 and hence a; ox yf = (INExZ-J)", ie

1—0o
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inequality is governed by dispersion in IEQU“

Social welfare is W = ). @; E[g(x;1)]. The first-order (Gateaux) variation around a

W Z (a7} [ z 1 >§<71 In a}i’1:| .

Using z;1(s) = w;(EZ1)e;(s) gives the identity

baseline allocation z* is

—
— ~ — o —

Inz;1(s) = In(Ez;) + Inw; + Ing;(s).

Substituting into the linearization and grouping terms yields

W = ZdiIE[g’(x,Z 774 ln +Zal T7 )T lan—Zal "(x71)x) Ingi(s)] .
7
=: Epr =R ::}Erz'ns

Finally, note that Ez, = I~EX1/I, SO

o —

— ]:E _ (s
Inw; = ln(ﬂ), Ing;(s) =1In <x11( )>
EX; Exz,l

For a purely redistributive feasible marginal reform under aggregate risk, state-by-state

feasibility implies ). % 1(s) = 0 fora/lli hence X;(s) =0 forill\s. Since prices p1(s) o

Pr(s)X1(s)~ are then unchanged, In(EX;) = 0 and therefore In(Ez;) = 0, so EP" = 0.
Replacing ¢'(x) = v/(x) delivers (27):

Exm

_ * * Ex',l _ * /\1
:zi:ozﬂE v'(xi71)xi,11n(ﬁ);l) +zi:aiE[U,($i, z11n< . )]

Derivations of counterparts of equations (25) and (27) for CARA preferences.
Consider a single physical good (n = 1) indexed by idiosyncratic states s with probabil-
ities Pr(s). We normalize (n,s) = (1,1) as the numeraire. Let consumption be z;1(s).

Preferences are CARA with coefficient v > 0 so that

Z):Z:Pr(s)(—1 (s ) ZPr (xi,1(s)).

The technology is an endowment with feasibility >, E[x;1] < A;. In this environment the
efficient Arrow—Debreu prices equal probabilities, p1(s) = Pr(s), independently of .
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Represent any feasible allocation via the triplet (z1, A, J) defined by
1 _
=7 ZE[wi,l], A;:=Elz;1] — 21, 6i(s) :=zi1(s) — Elz;1], E[§] =0.

Equivalently, x; 1(s) = Z1+A;+d;(s). The mapping between (o, §, 7) and (Z1, A, J) is one-to-
one for each variable: (a) { =1— I“ from feasibility; (b) with CARA V;(p,y;) = —@e‘”fyi
so Vi, = k(p1)e "% and hence o; o 1/V;,, oc /@184 o 7(Ai); () wedges satisfy

p1(1) Pr(s)h'(zia(s))
p1(s) Pr(1)A/(zi1(1))

14 7(s) = =exp (—7(di(s) — 6:(1))),

so, fixing the numeraire state to s = 1, wedges are equivalent to the profile §;(s). As a
result linearizing welfare with respect to (a, &, 7) is equivalent to linearizing with respect to
(Z1,A,9).

To obtain the CARA analogue of (25), write social welfare as W = . &; E[h(z;,1)] and

take a first-order (Gateaux) variation around a baseline allocation z}(s). Using

—_— o~

$i71(5) =71+ A+ (5Z(S)
we obtain

W= aE[N () JJ1+Z% wi)] A+ > @G E[H (a1,) 8] (49)

Grouping terms gives the three components in exact parallel to the CRRA case (with levels

in place of logs):

Zaz h' 77 :v1—|—ZozZ h' 7 A—G—Zozz 77 1) 3\]

~~ N~

=: EPT =:R —: Eins

Thus the CARA decomposition mirrors the CRRA representation with: (i) aggregate effi-
ciency acting through z; (level); (ii) redistribution acting through expected levels via A;;
and (iii) insurance acting through changes in the dispersion of state deviations J;(s) around
means.

To obtain the CARA analogue of (27), we follow the same steps as above. With aggregate
risk feasibility now requires ), z;1(s) < A;(s) for all s. In this environment the supporting

price vector satisfies p;(s) o< Pr(s)e‘VAl(S), independently of o, which we normalize so that
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Y <pi(s) =1. We let E denote expectations computed with respect to this measure.
Any feasible allocation can be represented by the triplet (Eil, A, ) defined by

~ 1 - ~ - ~ -
Ez, := T ZE[.%Z'J], A; = E[xi’l] — Ezq, (5z<8) = 1'1,1(8) — E[xi’l], E[(SZ] =0.

Equivalently, x;1(s) = Ez; + A; + di(s). The mapping between (o, &, 7) and (Eil, A,0) is
one-to-one for each variable: (a) { =1 — IE“ from feasibility; (b) with CARA V;, oc e™ 7Y

Ay).

s0 a; ox BT o e7(B9): () wedges batlsfy

pi(1) Pr(s)h’(xia(s))
pi(s) Pr(1)h/(zi1(1))

1+ 7i(s) = = exp (7(A1(s) — A1(1))) exp (= ¥(di(s) — 0i(1))),

so wedges are equivalent to the profile d;(s). As a result linearizing welfare with respect to
(o, &, 7) is equivalent to linearizing with respect to (IE:Z"l, A,9).

The same linearization steps yield

Zaz Ty E$1+Zaz ;1) A+Zaz 7 1) (/S\z]

=: EPT =:R —: Eins

Thus the CARA decomposition mirrors the CRRA representation with: (i) aggregate effi-
ciency acting through Ez, (level); (ii) redistribution acting through expected levels via A;;
and (iii) insurance acting through changes in the dispersion of state deviations J;(s) around

risk-neutral means. O

A.5 Additional details for Section 5

This section provides details for Example 5. The worker (agent 2) has utility ua(c2,n2) =
log(ca) — 11 n§+ , where ny = [ — Iy is labor supply and Iy is leisure. Under Policy II, the
worker faces budget constraint ca = (14 7)ng + az, where 7 is a proportional subsidy funded

by the tax T" on the capitalist.

Lemma 9. sign (Z?) = —sign(ag).

Proof. The first-order condition is (1 4+ 7)/ca = xng. Log-differentiating with respect to 7:

1 18027 7 Ong

1+7 ¢9 01 ne OT
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Differentiating the budget constraint: 862 =ng+ (1+ T) . Substituting and rearranging:

1 1 Ona
— (1 — 1 -7
(co — (1 +7)ng) 7 = (yea + (1 + 7)n2) o

=a2

Since yeg + (1 + 7)ng > 0, we have sign (8"2) = sign(ag). Because [y = 1 —ngy and T and

T move together, sign (fllq%) = —sign(az). O

Next we can prove the following two corollaries about the Dévila and Schaab (2022) and

the Benabou (2002) and Floden (2001) decompositions.

Corollary 1. If ay < 0 (> 0) and a; is sufficiently large, then the Benabou (2002) and
Floden (2001) decomposition finds that d“’E >0 (<0)atT=0.

Proof. Benabou (2002) and Floden (2001) define the efficiency component wg such that
u((1 4 wg)e*, 0*) = u(e™, 0**), where ¢ = 15 ,¢; and £ = }>°.1;. Thus, sgn(d‘“E) =

sgn(%;’z)). Differentiating utility with respect to T and using the resource constraint
dé = —1dls (since l; = 1 is constant and I = 2):
du(e, £ _ de 4 1,1 dl
o — e g+ wle D = (—puled + juted) ) G2

Substituting the functional forms u. = 1/¢ and uy = x(1 — £)7:

du(c,l) 1 = dly

a2 <X(1 -0 > ar’
At T = 0, agent 2’s optimality implies 1/co = x(1 —l2)7. Since [; =1 and [y < 1, we have
0= (1413)/2 > Iy, 50 (1—£)Y < (1—13)7. Also & = (c1+c2)/2. If ay is sufficiently large, then

c1 is large, making ¢ large and 1/ small. Specifically, if a; is large enough, 1/¢ < x(1 —¥¢)7,
making the term in parentheses positive. If as < 0, the Lemma implies % > 0. Thus, the

product is positive, so d—E > 0. O

Corollary 2. Ifas <0 and T > 0 (< 0) then the Ddvila and Schaab (2022) decomposition
finds that the efficiency component dC > 0 for a marginal change T > 0 (<0).

Proof. The marginal version of the Davila and Schaab (2022) decomposition constructs the

Us 0 Z
Uje U
7,C

marginal change in welfare in consumption units as dC = ), dc;, where dc; = ¢ +

For agent 1, dc; = ¢;1. For agent 2, the first-order condition ug¢/us. = 1+ 7 implies
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deg = éo+ (1 + T)ZQ. Summing these and using the resource constraint ¢, + ¢ = —Zg, we
find
dC:él+éQ+(1+T)[2 = *Z2+(1+T)ZQ :TZQ.

From the lemma, if as < 0, then dls/dT > 0, so l> has the same sign as T. Thus, if T and
T have the same sign (moving away from laissez-faire), then 7 and [> have the same sign,

implying dC = 7ly > 0. O

B Additional details for Section 6

In this appendix, we provide additional details for the quantitative application in Section 6
of the main text. First, we review the numerical methods used to compute the baseline and
post-reform allocations. Next, we provide details on how to implement our decomposition.

Some routine but technical derivations are provided in the final subsection.

B.1 Computing the baseline and post-reform allocations

The numerical methods for computing the equilibrium path associated with a path of fiscal
policy are standard, and we provide only a brief overview here.

We first solve for the steady-state equilibrium and then compute the transition path using
a shooting algorithm. The key ingredients for the steady-state solution are the stationary
aggregate capital and labor supply functions, A(7,w,Tr) and L(7,w,Tr). Similarly, the
transition dynamics require the time-varying aggregate capital and labor supply functions,
.At({rs,ws,Trs}f:O) and Et({rs,ws,TrS}STZO). Since the computation is similar for both

applications, we detail the general procedure below.

Stationary aggregate supply. The stationary functions A(7,w, Tr) and L(7,w,Tr) are

computed as follows:

1. Household Problem. Given prices {7,w} and transfers Tr, we solve for the house-
hold’s optimal consumption c(a,z) and labor supply [(a,z) policy rules using the

Endogenous Grid Method (EGM) of Carroll (2006) adapted to include labor supply.

2. Stationary Distribution. We solve for the stationary distribution vector p using
the histogram method of Young (2010). We discretize the state space into a grid of
asset points {aj}jzl and productivity points {z;} ;. We index the combined state

space by i = (j, k), so that a(i) = a; and 2(i) = 2. Using the optimal policy rules,
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we construct the transition matrix H over this discretized state space, where element
Hy ; represents the probability of transitioning from state i to state ¢’. The stationary

distribution p is the eigenvector associated with the unit eigenvalue of H.

3. Aggregation. We compute aggregate capital and effective labor by summing over

the state space:
A(F,w,Tr) Z“Z L(F,w,Tr) Z“Z  2(4)).

Transition aggregate supply. The transition functions A;({rs, ws, TTS}ST:O) and L ({rs, ws, TrS}STZO)
take sequences of prices and transfers as inputs. This procedure assumes that for ¢t > T
the sequence of prices and transfers equals the new steady-state values. The computation

proceeds in three steps:

1. Household Problem (Backward Iteration). We solve for the sequence of optimal
policy rules {¢i(a, 2), l(a, z)}fzo by backward induction. The terminal policy rules at
T are given by the steady-state rules associated with the terminal prices. For t < T,

we iterate backward using the time-dependent Euler equation.

2. Distribution (Forward Iteration). Starting from the initial steady-state distribu-
tion pg, we simulate the distribution forward using the computed policy rules. At
each date t, we construct the transition matrix H; implied by {c¢,{;} and update the

distribution: ps+1 = Hype.

3. Aggregation. We compute the path of aggregates by summing over the distributions

at each date:
A=Y pa(i),  Lo=> paz(i)li(ali), 2(i).

With these functions defined, the steady-state equilibrium is found by iterating on prices
until markets clear and the government budget is balanced. Similarly, the transition equi-
librium is found by iterating on the sequences of prices and transfers.

The procedure above yields the full distribution of consumption and labor choices x; ¢(s*) =
(cit(s),1i+(s')) for an agent starting with wealth a(i) and productivity z(i) at date 0. Specif-

ically, we have a sequence of transition matrices {H;} and a sequence of grid point choices
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24(5) = (ce(4), 1:(5)),%° which represent the optimal choices of an agent with state (a(5), z(5))
at date t. We can use these objects to compute conditional expectations of endogenous vari-
ables. Define Egz.(i) as the vector of conditional expectations of z; for an agent with
assets a(i) and productivity z(i) at date 0. We can compute this vector by multiplying the

transition matrices in reverse order:
Eozy = H) x H] x --+ X H{_| X 4.

These conditional expectations are a necessary ingredient for computing the welfare decom-

position.

Calibration for Section 6.1. The full list of parameters used in the quantitative appli-
cation is provided in Table 1. In Figure 8 we plot the transition of key macro aggregates for
the optimal tax reform. The higher tax rate leads to declines in aggregate quantities and
wages, while government revenues rise and transfers jump on impact before converging to

their long-run level.

Numerical details for Section 6.2. To solve for the equilibrium in Section 6.2, we fix
the path of the capital stock at its initial steady-state level, Ky = K*®°, and take a sequence of
debt {Bt}?zo as exogenous. This implies a sequence of aggregate assets A; = K*° + By. We
search for a sequence of after-tax returns on savings {ft};f:o and lump-sum transfers {T° rt};‘io
that satisfy the asset market clearing condition and the government budget constraint.
Note that in this application, labor is inelastic (L; = 1), so we need only evaluate the
aggregate asset function A;({7s, ws, Trs}fzo). The wage w; is determined by the marginal
product of labor at K**. Given a guess for {r;,Tr;}, we compute the implied aggregate
assets from A;. We iterate on 7 to ensure A; = A;. The lump-sum transfers Tr; are
then determined residually from the government budget constraint, given the tax revenue
from labor and capital and the path of debt issuance. The capital wedge ¢ is given by
1+ =7/(Fr(K** 1) —§). We iterate until convergence.

Figure 9 plots the transition paths for aggregate assets A, interest rates R, public debt
B, and transfers Tr when the tax reform increases government debt. The reform increases
public liquidity, raises interest rates while keeping them negative, and pushes up transfers.

These changes expand household budget sets and deliver a Pareto improvement.

2For t > T, we have H, = H’ and z¢(j) = Z'(j), where H' and &’ represent the transition matrices and
grid point choices in the steady state of the economy following the tax reform.
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Figure 8: Transition paths for capital, output, consumption, wages, and transfers when the tax
rate increases from 30% to the optimal rate of 48%. The dashed horizontal lines denote the initial
steady-state values.
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TABLE 1: Calibration and targets

Parameter Value Target

Preferences

P 1.0 Log utility in consumption

vy 2.0 Frisch elasticity 1/y = 0.5

U 17.89 Average hours [ = 1/3

B 0.96 After-tax net return =~ 4%
Technology

0 0.36 Capital share

J 0.10 Implies /K = 10%

Fiscal policy (baseline)

T 0.30 Marginal income tax ~ 30%

G/Y 0.15 Government purchases share (excl. transfers)
B/Y 1.00 Government debt-to-output ratio
Idiosyncratic earnings process

Pp 0.9695 Persistence of permanent component
op v/0.0384 Std. dev. of permanent shock

Oe¢ Vv0.053  Std. dev. of transitory shock

Notes: All parameters correspond to an annual calibration. Fiscal ratios are expressed relative to output.
Earnings-process parameters follow Krueger et al. (2016).
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Figure 9: Transition paths for A, R, B, and Tr when debt increases. The reform raises debt from 0
to 50% of GDP. The dashed horizontal lines denote the initial steady-state values.
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B.2 Welfare decomposition

Here we detail how to apply our decomposition to Section 6 settings. We assume that labor
is supplied elastically as in the first application in Section 6.1. The case with inelastic labor

supply in the application in Section 6.2 is immediate as a special case.

t

Goods, states, and expectations. Histories s’ record labor productivity €; ;(s'), which is

individual 4’s labor productivity following a history of shocks s*. Physical goods are indexed

¢, so an allocation is & = {c;4(s"), l;¢(s") }i 4505

by time ¢, and idiosyncratic states by histories s
For any history-dependent random variable z;;(s'), define the date-0 expectation oper-

ator

Eolzit] = Zwt(st) th(st).

Utility. Define lifetime utility from an allocation xz; as

0o Ol;a ’1t+fy
U(in)ZZﬁtEol el
— l1—0 147

Feasibility. Aggregates X are given by sequences {Cy, Lt }+>0 where
Ct = /Eo[ciyt] di,
Lt = /EO[fi,tli,t] di.

The set of feasible aggregate allocations is denoted by V(Kjy) and defined by X € Y(K) if

there exist a strictly positive sequence of capital stocks {K;}>0 such that
Ci+G+ Ky <AKYLIY + (1 -6)K,  forallt >0,
with Ko given.

B.2.1 Coordinate mapping = — («a,7,§)

Given an allocation z = {c;¢(s"), li+(s")}is.st, We construct its welfare coordinates (a(z), {(z), 7(x))

as follows.

30 Agents are endowed with £ = 1 unit of time, so leisure is £ — I; ;(s*). We assume ¥ is calibrated such
that the non-negativity constraint on leisure never binds. Hence defining an allocation in terms of labor
supply l; +(s") is without loss.
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Pareto—Negishi planner. For any vector of weights a@ = {«;};, the Pareto-Negishi (PN)

planner solves

max /alu( PEY di
(P F(s1)1PF (s1), KEER CFF LEFY,

t+1°
st.  OFF 4+ G+ KEL < A(KPEY (LPF)Y' =0 + (1 - )K[F, vt >0,
crr = /Eo[cfﬂ di, LT = /Eo[e”zm |di,  Vt>0,

KPF = K.

This problem determines a path of Pareto-frontier (PF) aggregates { K/'F' (), LF'F (), CFF () }i>0,
Fla),wf (a)}iso for output and effective labor at date ¢ in units

of consumption at date 0, and individual PF allocations {Cf Ll (st ), lf (s a)}yg, where

o= () 0 () s

supporting prices {qléP

PF PF)

Indirect utility and value of resources. Given any price sequence (¢" ", w"""), we can

construct the corresponding state-contingent prices as
o (s = a/ T m(s),  wT(s') = w0 m(s") era(s”).

With these prices, define the value of resources available to agent ¢ under allocation x as

the present value of consumption and leisure at PF prices:

&)
yila"" w5 2) = > Bl i 4wl e (0 1ig)]- (50)
t=0

The indirect utility function V;(y; ¢©'f, w?*) is defined as

oo
Vily; 77wt = max u(Z;) st ZEo[thF Gio+w ey (0 - li,t)} <v,
Ci,lg t=0

where Z; = {¢; +(s), Zi’t(st)}t78t.
Coordinate a(x). The PN weights a(z) solve the fixed point problem
a; < Vi, ( (a7 (o ),wPF(a);x);qPF(a),wPF(a)), /aidz‘:l,

where (¢7'F (o), w¥(a)) are the supporting prices of the PN problem with weights a.
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Coordinate &(x). Define the PF aggregate value of resources as

YU () = /yi(qPF(oz),wPF(a);$PF(a)) di.
The productive-efficiency wedge is then

[ 4i(¢PF (), wPF (a(z)); z) di
ymax(o(z)) '

{(z) =1- (51)

Coordinate 7(z). The wedges 7(z) consist of goods wedges 79(x) := {7/, 77, }i+ and
(s

ins

insurance wedges 7 (x) = {7, Ti et

b, z“l"‘i( ")}it.st, which are constructed from the full-
insurance allocation 2 = {cms( b, lﬂs( s")}1.st. These are obtained by maximizing u(zi")
subject to holding fixed the value of consumption expenditures and effective labor earnings

every period:

quFPr e thPFPr )ci(s),
Zwth Pr(s")ei (s")}(s') = waF Pr(s")eis(s')lis(s").
st st

In our Section 6 settings, the full-insurance allocation is

; : 7ins _ Bol€itliz]
(s =Eoled),  U(s") = eaa(s) e, T = ;7;
=i,
where E;; = Eo[ ( +7)/'Y]

The goods wedges as a function of the allocation x are
Bt <Eo[0i t])o

1+7) , = 5= : , 52a

2,C,t qg?F Cip ( )
Bt v (l_”zs)’y

9 _ -
L+7,,= wPT CZ-_,(()T . (52b)

Insurance wedges as a function of the allocation x are

4 1+ 75, (st Y\ 7
1 i (sh) = S ):<C”(3>> , (532)

g9 NS
1 + Ti,c,t Cz t

1+ 71,(sY Last) )
1 ns( by _ %t — bt . 53b
FRiE) = + T it (sh) /I (230)
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Algorithm to compute coordinates. We outline a computational algorithm to compute
(a(z), 7(x),&(x)) from a given allocation z. This algorithm uses the structure of the PN
planner’s problem and the CRRA /isoelastic preference structure to replace the fixed point

over a with a fixed point over the PF paths (K/'F', LFF),>.

1. Guess a path {KF¥ LPF},5¢ and compute the implied {CF¥'};>0 from the PF re-

source constraint. Compute marginal products F};IE and FE f , and supporting prices

PF

(¢F'F,wft) using the planner’s first-order conditions. Normalize qéD F=1.

2. Given the allocation z, compute y;(¢"F, wPF; ) for each agent using (50). Solve for
the indirect-utility derivative V; , (yi;qp FowPF ) In Subsection B.5.1 we show that

this can be done efficiently by solving a single nonlinear equation for each agent.

3. Compute the residual function Res({K{*, L{'" }4>0) using the following two condi-

tions (for all ¢ > 0):
oPE\ 7
PF PF t+1
Qi1 = P4 ( ) )

PF
&

1/~ —a/y
/E't Fllif (‘/7:711)1/0— (CPF)*U/’Y di = LPF
v J Vi)t dj t b

4. Adjust {K}F, LFF},50 using a root-finding algorithm (e.g., Newton—Raphson or Broy-

den’s method) to drive Res({K{F, L{* }4>0) to zero.

5. Once converged, set

-1
‘/;7y

6. Using the converged PF objects (¢"'F, w"*) and a(z), compute &(x) from (51). Then
compute the goods wedges 79(x) from (52) and the insurance wedges 7"*(z) from
(53).
B.3 Mapping coordinates («, 7,§) — welfare W

To implement our decomposition, we need to evaluate welfare YV at allocations corresponding

to an arbitrary set of coordinates (o, 7, ). We detail this mapping below.
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Utility decomposition and sufficient statistics. For each (i,t) define full-insurance

benchmarks
— 1 Eoleils, _
=Rl ZusEGT0) Ep =R e = g
=

Then the two terms that appear in u(z;) can be expressed as

1-0o ins\1—o
E Cit . (Ci7t ) NS
11T —% 1—0g  bob
and -
Y 718\ 1+
li,t (li,t ) 7 ins
Eo Uj 4
1+~ 147

mns
1,C,t

ins

where the risk corrections u!**, and ug' only depend on the insurance wedges and are given

by a convenient set of sufficient statistics:

1—0o
—(1—0o)/0o C;
:@—MW+W%M“'”}EO($> , (54a)
zt
L 1+
ity = Bo eqo ()7 (14 733(s) 0] = By | el (ﬁ) . (54D)

Given this structure, we do the mapping from coordinates to welfare in two steps. First,

we use (a,&,79) to recover the expected allocations Eg[c;¢] and Egle;4lis]. Second, we

ins
1,C,t

and ums

use the insurance wedges 7" to compute the risk corrections u using the
sufficient statistics above. Combining these objects yields individual welfare u(x;(c,&, 7))

and aggregate welfare W(«, £, 7).

Algorithm to compute welfare from coordinates.
1. Given a, compute the PF prices (wF,¢"F) and Y™ Use coordinate ¢ to obtain
aggregate value of resources Y = (1 — §) Y™,
2. Use prices (wF ¢PF) and Y to allocate resource values {y;}; across households. This
can be done by solving the following equations, which are the first-order conditions

for problem (6) in the main text:

a; Vi (yis ¢ F, w) = A, /yz di =
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An efficient algorithm to solve these equations is provided in Subsection B.5.2.

3. From the goods wedges 79, recover expected allocations as follows. For each ¢, guess

¢i0 and compute

—1/o 1/~
E . qu (1 + Tgc,t) = wa (1 +7; lt) —o /v
olcid] = 5 Ci0, Eoleiilit] = Zit —ﬁt\p gl

Solve for ¢; ¢ using the single equation
o0 oo B
Z at ¥ Eoleid] + Z wi T Boles s (€ — lig)] = ui,
t=0 t=0

where Eg[e; (¢ — 1;.1)] = L Eoleir] — Eoleidlis] and Egle;¢] is exogenous.

4. Compute the risk corrections using (54a) and (54b). Importantly, the utility correc-
tions from risk depend on the sufficient statistics, which are of much lower dimension

than the full history-dependent paths of wedges.

5. Using expected allocations and the risk corrections, compute individual welfare

zns)l—i-'y

i+ ( Ct - t 7i EO[G}tl}t]
u(xi(n €,7) ZB ’ z”st—wzﬂ wins,  pne - Zolcistidl

it

and aggregate welfare W(a, £, 7) using social welfare weights a as
W(a7 67 T) = /ai U(Xi(av 67 T)) di

B.4 Shapley-value welfare decomposition
The Shapley-value decomposition satisfies

AW —R + EPr + Eg,inter + Eg,intra + Eins’

with each term obtained by applying a two-player Shapley value to an appropriately defined
welfare-difference function normalized at the baseline. We detail the construction of each

term below.
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Two-player Shapley operator. For any function F'(x,y) with baseline (z*, y*) and coun-

terfactual (z**,y**), define

Shy[F]

3 [F@™,y") = F(a*,y")] + 3 [F (™, y™) = F(a*,y™)],

and define Shy[F] analogously.

Redistribution versus efficiency. Define the total welfare-difference function
AW (a, t) = W(a, t) — W(a*, t*), t=(&7).

By construction, AW (a* t*) = 0 and AW (o™, t**) = AW. Applying the two-player
Shapley value yields

AW =R+ E, R = Sh,[AW'™"], E = Shy[AW™"].
The term R is the redistribution component and the term E is the efficiency component.

Productive efficiency versus allocative efficiency. Define the efficiency component

function as
AWeH(f, T) = %[W(a*,g, T) — W(a*,f*,T*)] + %[W(a**,f,ﬂ —W(a™, ", T*)]

Then AW (¢*, 7%) = 0 and AW (¢** 7)) = E. Applying the two-player Shapley value
gives

E=E"+EY  EP =ShAW] E"=Sh, [AW].

The term EP" is the productive-efficiency component and the term E® is the allocative-

efficiency component.

Allocative efficiency: goods versus insurance wedges. Define the allocative-efficiency

component function as

AWal(Tg,Tins) = % AWeH(f*, Tg,Tms)—AWeﬁ(f*, TG*,TI*)} +% {Aweﬁ(f**, Tg’ Tins)—AWeff(f**,TG*,TI*)].
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Then AW (7%, 71%) = 0 and AWalloc(7Gxx rlxx) — palloc - Applying the two-player Shap-

ley value yields
EY =E9+E™,  EY=Shy[AW ), E™ = Sh i [AWA].

The term E9 captures allocative inefficiencies from goods wedges and the term E™* captures

allocative inefficiencies from insurance wedges.

Intertemporal versus intratemporal goods wedges. For some of the calculations in
Section 6 it is convenient to write the goods wedges 79 = (7¢, Tlg ) in terms of wedges on the
intertemporal allocation of consumption and the intratemporal allocation of labor. For each

agent ¢ and date t, define

g
inter _ 1+ Tict

g9
intra _ 1+ Tilt
Tit =1y it =

Ti,c,t—i—l

T =
) 2.t g
1+ 7-i,c,t

The wedge Tiigter captures distortions in the intertemporal Euler equation for consumption,

while 714" captures distortions in the intratemporal labor-consumption margin. There is a
I

one to one correspondence between the goods wedges and the intertemporal and intratem-
poral wedges.

Define the goods-wedge component as

AI/Vg(Tlnter7 7_1ntra) = % [AWaI(Tmter’ 7_1ntra7 7_]*) _ AWal(Tmter*’ 7_1ntra>k’ 7_[*):|

+ % [AWaI(Tmter’ 7_1ntra7 TI**) . AWaI(Tlnter*7 7_1nt1ra>k7 TI**)} )

Then AWI(7inters rintray)y — 0 and AWI (70T 5 5 702 4 5) = E9. Applying the two-player
Shapley value yields

Eg — Eg7int€r + Eg,i?’bt?"a’ Eg7int6r = ShTinter [AWg], Eg,intra = ShTintra [AWQ]

The terms E9 ™€ and E9"% capture intertemporal and intratemporal distortions arising

from goods wedges.
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B.5 Technical derivations
B.5.1 Finding V;,

To find V; 4, let A7 =V, ,, where \; is proportional to the marginal utility of resources in

the indirect utility problem. The optimal consumption and labor choices satisfy
- _ -1
Gie(sh) = (B T) "7 N,
Wiip(s') = B~ wf Teip(sh) A7

The second equation implies

. ~t, PF\ 1/7
li,t(st): (B\I'Lft> ew(st)l/v)\i—cf/ﬂ’.

Substitute these into the budget constraint

o0
ZEO[QfFéi,t +wf e (0 — li,t)} = Yi-
=0

Noting that

- _ —t,yPF 1/ . _
Eoleitlit] = Zix (%) Py s S = Eo[ﬁ%f””],

the budget constraint becomes
B o0
AV/\Z‘ — BZV)\Z-_U/’y =Y — EZ thFEO [Em],
t=0

where

v o PE (gt PF\-1/0 1% — pr (BwlT 1
A" = Z% B ") ) B = Zwt (\IJ> Zigt-
t=0 t=0
This is a single equation in \; that can be solved numerically, yielding V;, = ;7.

B.5.2 Finding y;
Given the PN weights «, aggregate value of resources Y, and prices ¢/t w!, we can

compute the distribution of resource values {y;}; as follows. The individual resource values
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Figure 10: WELFARE DECOMPOSITION BY INCOME QUINTILE
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Notes: Welfare contributions by income quintile. The left panel shows total welfare and its decomposition
into redistribution, goods-efficiency, and insurance components. The right panel decomposes goods efficiency
further into production, intertemporal, and intratemporal components of efficiency by income quintile.

satisfy the constrained planner’s optimality conditions
a’i‘/i,y(y’i; qPFv wPF) = Aa /yl di = Yv

where A is the Lagrange multiplier on the aggregate resource constraint. From Subsec-

tion B.5.1, we have V; , = A7, so the first condition implies
= (Afaq)™7.

The indirect-utility budget constraint gives an expression for y; as a function of A;:

(Zq —t PF>—1/U> <Zw ( ) M:zt> a/vMZw FEofess].

Substituting A\;(A) into this equation expresses y; as a function of the single unknown A.
The aggregate constraint [ y;(A)di =Y can then be solved for A. Once A is found, we can

compute each \; and consequently each ;.

B.6 Additional distributional analysis

In the main text, we presented the distributional analysis of the welfare decomposition by
wealth quintile. Here, we repeat the analysis grouping households by income rather than
wealth. Given the high correlation between wealth and income in standard calibrations of

this class of models, the resulting distributional patterns are very similar. See Figure 10.
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B.7 Comparison of decompositions

Here we will present a comparison of the additive and marginal decompositions in the

capitalist worker example of Section 5 and the tax reform example of Section 6. In both

cases the marginal and additive decompositions are nearly identical to baseline Shapley-

value-based decomposition.

0.0 r

Welfare (utils)

-0.2 -0.1 0.0 0.1 0.2 0.3
Transfer From Capitalist

0.4

Efficiency Share (%)

200

|——Baseline
—Marginal
|— Additive

-0.2 -0.1 0.0 0.1 0.2 0.3 0.4
Transfer From Capitalist

Efficiency Gain (utils)

02

|——Baseline
—Marginal
I— Additive

-0.2 -0.1 0.0 0.1 0.2 0.3 0.4
Transfer From Capitalist

Figure 11: Comparison of Additive and Marginal Decompositions for the Worker Capitalist Example

present in Section 5
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Figure 12: Comparison of Additive and Marginal Decompositions for the Tax Reform Example
present in Section 6
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